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A � 0 2m�1  A < 2m

m m

Ai m

Am = 0 Ai 6= 0

Ai m

2m�1  A < 2m
ai 2 {0, 1}

A0 < 2m

) A1 < 2m�1

) Am < 20



Am = 0 m

) 2m�1  A0

) 2m�1 � 1

2
= 2m�2 � 1

2
 A1

)
2m�2 � 1� 1

2

2
= 2m�3 � 1

2
� 1

22
 A2

) 2m�m �
m�1X

i=1

2�i =
1

2m�1
 Am�1

Am�1 6= 0 m� 1 A

m

⇤

n

0 2n � 1

|Hi , |V i |Hi , |T i
|0i , |1i |1i |0i



0 1 0 1 m

m

C2

B = {|0i , |1i}

m m

C2m

{|xi : x 2 {0, 1}m}

n

{0, 1}⇥ {0, 1}⇥ . . .⇥ {0, 1}

n

n

{|0i , |1i}⌦ {|0i , |1i}⌦ . . .⌦ {|0i , |1i}

2n = e
n ln 2



H2

H2 |xi x 2 {0, 1}

H2 |xi =
1p
2

(|0i+ (�1)x |1i)

H2

U : C2 ! C2

UNOT =

 
0 1

1 0

!



|0i |1i

|0i 7! |1i

|1i 7! |0i

c1 |0i+ c2 |1i 7! c2 |0i+ c1 |1i

U : C4 ! C4

n

U : C2n ! C2n

UCNOT =

0

BBB@

1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

1

CCCA

UCNOT |00i = |00i

UCNOT |01i = |01i

UCNOT |10i = |11i

UCNOT |11i = |10i



U

UCNOT =

 
1 0

0 0

!
⌦ I +

 
0 0

0 1

!
⌦ UNOT = |0i h0|⌦ I2 + |1i h1|⌦ UNOT

U

UC := |0i h0|⌦ I + |1i h1|⌦ U

U |1i

2 ⇥ 2 U UC U = cI2

c 2 C

UC 6= cI2 2 ⇥ 2 A

B

 
A1,1 A1,2

A2,1 A2,2

!
⌦
 

B1,1 B1,2

B2,1 B2,2

!
=

0

BBB@

1 0 0 0

0 1 0 0

0 0 U1,1 U1,2

0 0 U2,1 U2,2

1

CCCA



A1,1B = I2

A2,2B = UC

B =

 
A1,1 0

0 A1,1

!

) A2,2B =

 
A2,2A1,1 0

0 A2,2A1,1

!

UC = A2,2B =

 
A2,2A1,1 0

0 A2,2A1,1

!

UC

UC 6= cI2 UC = cI2

B =

 
c 0

0 c

!
, A =

 
1 0

0 1

!

UC = A⌦B ⇤

HC2 = |0i h0|⌦ I2 + |1i h1|⌦H2

=
1p
2

0

BBB@

p
2 0 0 0

0
p

2 0 0

0 0 1 1

0 0 1 �1

1

CCCA

U = H2

UI,H = I2 ⌦H2

UH,I =
1p
2

0

BBB@

1 1 0 0

1 �1 0 0

0 0 1 1

0 0 1 �1

1

CCCA



|1i

UCCNOT = (|00i h00| + |01i h01| + |10i h10|)⌦ I2 + |11i h11|⌦ UNOT

f : {0, 1}m ! {0, 1}n



fAND :

{0, 1}2 ! {0, 1}

fAND (x, y) =

8
<

:
1 if x = y = 1

0 otherwise

fOR : {0, 1}2 ! {0, 1}

fOR (x, y) =

8
<

:
0 if x = y = 0

1 otherwise

fAND

fOR {0, 1}2

f
�1
AND (0) f

�1
OR (1)

|0i
|0i

UCCNOT |000i = |000i

UCCNOT |010i = |010i

UCCNOT |100i = |100i

UCCNOT |110i = |111i

1 0 0 1

fOR fAND



UOR = (|00i h00| + |01i h01| + |10i h10|)⌦ (UNOT I2) + |11i h11|⌦ (UNOT UNOT )

= (|00i h00| + |01i h01| + |10i h10|)⌦ UNOT + |11i h11|⌦ I2

|1i

UCCNOT |110i = |111i

UCCNOT |111i = |110i



fXOR : {0, 1}m ! {0, 1}

fXOR (x, y) =

8
<

:
0 if x = y

1 otherwise

� n

0� 0 = fXOR (0, 0) = 0

0� 1 = fXOR (0, 1) = 1

1� 0 = fXOR (1, 0) = 1

1� 1 = fXOR (0, 0) = 0

UCNOT |00i = |00i

UCNOT |01i = |01i

UCNOT |10i = |11i

UCNOT |11i = |10i

x� y



f : {0, 1} ! {0, 1}

f (x) x = 0 x = 1 f (x)

x = 0 x = 1

Uf : |x, yi 7! |x, y � f (x)i

Uf =

0

BBB@

f (0)� 1 f (0) 0 0

f (0) f (0)� 1 0 0

0 0 f (1)� 1 f (1)

0 0 f (1) f (1)� 1

1

CCCA

f (x)� 1 = f
¬ (x)

Uf = |0i h0|⌦
 

f
¬ (0) f (0)

f (0) f
¬ (0)

!
+ |1i h1|⌦

 
f
¬ (1) f (1)

f (1) f
¬ (1)

!

Uf

Uf = |0i h0|⌦ I2 + |1i h1|⌦ UNOT if f = id

Uf = |0i h0|⌦ UNOT + |1i h1|⌦ I2 if f
¬ = id

Uf = |0i h0|⌦ I2 + |1i h1|⌦ I2 = I4 if f = 0

Uf = |0i h0|⌦ UNOT + |1i h1|⌦ UNOT if f = 1



|s0i =
1

2
(|00i � |01i+ |10i � |11i)

H2 ⌦ H2

|01i Uf

|s1i =Uf |s0i

=
1

2
(|0, f (0)i � |0, f¬ (0)i+ |1, f (1)i � |1, f¬ (1)i)

H2 ⌦ I2

|s2i = (H2 ⌦ I2) |s1i

=
1

2
p

2
((|0i+ |1i)⌦ (|f (0)i � |f¬ (0)i) + (|0i � |1i)⌦ (|f (1)i � |f¬ (1)i))

f |f (0)i = |f (1)i

|s2i =
1

2
p

2
(2 |0, f (0)i � |0, f¬ (0)i)

=
1p
2
|0i ⌦ (|f (0)i � |f¬ (0)i)

f |f¬ (0)i = |f (1)i

|s2i =
1

2
p

2
(2 |1, f (0)i � |1, f¬ (0)i)

=
1p
2
|1i ⌦ (|f (0)i � |f¬ (0)i)

f

|0i f |1i f

f (1) = 1 f (0) = 1

Uf



f : G !
C G {0, 1, . . . , 2n � 1} 2n

G

G |0Bi , |1Bi , . . . , |(2n � 1)Bi
n f

c0 |0Bi+ c1 |1Bi+ . . . + cn�1 |(2n � 1)Bi where f (k) = ck, k = 0, 1, . . . , 2n � 1

f

f

f (k) |kBi 7! f̂ (k) |kBi

f̂ (k) :=
1p
2n

2n�1X

j=0

f (j) e
� 2⇡kji

2n

f̂ (k)

f̂

���f̂ (k)
��� = kf (k)k k = 0, 1, . . . , n



UQFT,n =
1p
2n

0

BBBBBBB@

1 1 1 · · · 1

1 e
� 2⇡i

2n e
� 4⇡i

2n · · · e
� 2n

⇡i

2n

1 e
� 4⇡i

2n e
� 8⇡i

2n · · · e
� 2n+1

⇡i

2n

1 e
� 2(n�1)⇡i

2n e
� 4(n�1)⇡i

2n · · · e
� 2(n�1)2+1

⇡i

2n

1

CCCCCCCA

n = 1

UQFT,1 =
1p
2

 
1 1

1 �1

!
= H2

n = 2

UQFT,2 =
1

2

0

BBB@

1 1 1 1

1 �i �1 i

1 �1 1 �1

1 i �1 �i

1

CCCA

Bk,l Bk,l
 

1 0

0 e
�i✓k,l

!
where ✓k,l =

⇡

2l�k

Bk,l �k,l = |0i h0| I2 + |0i h0|Bk.l

Bk,l H2 = B0,0 = B1,1 = . . .

Bk,l

Bk,l |xi =

8
<

:
|xi if x = 0

e
�i✓k,l |xi if x = 1

UQFT,2 |xBi

UQFT,2 |xBi =
1

2

�
|0i+ e

�i✓1,1x |1i
�
⌦
�
|0i+ e

�i✓1,0x |1i
�



x = 2x1 + x0 x0, x1 2 {0, 1}
x xB = x1x0

UQFT,2 |xBi = UQFT,2 |x1x0i =
1

2

�
|0i+ e

�⇡i(2x1+x0) |1i
�
⌦
�
|0i+ e

�⇡

2 i(2x1+x0) |1i
�

=
1

2

�
|0i+ e

�⇡ix0 |1i
�
⌦
�
|0i+ e

�⇡ix1e
�⇡

2 ix0 |1i
�

=
1

2
(|0i+ (�1)x0 |1i)⌦ (B0,1)

x0 (|0i+ (�1)x1 |1i)

(B0,1)
x0

B0,1 |x0i
|x1i (�1)x1

(I2 ⌦B1,1) |x1x0i = (I2 ⌦H2) |x1x0i = |x1i ⌦
1p
2

(|0i+ (�1)x0 |1i)

�0,1

�0,1 (I2 ⌦B1,1) |x1x0i = |x1i ⌦
1p
2

(B0,1)
x1 (|0i+ (�1)x0 |1i)

(H2 ⌦ I2) = (B0,0 ⌦ I2)

(B0,0 ⌦ I2)�0,1 (I2 ⌦B1,1) |x1x0i =
1

2
(|0i+ (�1)x1 |1i)⌦ (B0,1)

x1 (|0i+ (�1)x0 |1i)

x0 x1

|x0i 7! |x1i |x1i 7! |x0i

USWAP

USWAP =

0

BBB@

1 0 0 0

0 0 1 0

0 1 0 0

0 0 0 1

1

CCCA

|x0x1i |x1x0i

(B0,0 ⌦ I2)�0,1 (I2 ⌦B1,1) USWAP |x1x0i =
1

2
(|0i+ (�1)x0 |1i)⌦ (B0,1)

x0 (|0i+ (�1)x1 |1i)



UQFT,2 = (B0,0 ⌦ I2)�0,1 (I2 ⌦B1,1) USWAP

UQFT,2

2n

2n�1X

y=0

e
� 2⇡ixy

2m |yBi =
⇣
|0i+ e

�⇡ix

20 |1i
⌘
⌦
⇣
|0i+ e

�⇡ix

21 |1i
⌘
⌦ . . .⌦

⇣
|0i+ e

� ⇡ix

2m�1 |1i
⌘

|1i l
th

l
th

xl

x =
n�1X

i=0

2i
xi xi 2 {0, 1}

l
th|1i

(�1)xl�1 · exp

✓
�⇡ixl�2

21

◆
· · · exp

✓
�⇡ix1

2l�2

◆
· exp

✓
�⇡ix0

2l�1

◆

�k,l

UQFT,n



UQFT,n

B

(xi, xj)
(n� 1, n� 2) , (n� 1, n� 3) , . . . , (n� 1, 0) , (n� 2, n� 3) , . . . , (n� 2, 0) , . . . ,

(n� 3, 0)

n + (n� 1) + (n� 2) + . . . + 2 + 1

UQFT,n

n (n + 1)

2

2n = e
n ln 2

0 2n � 1 2n � 1

2n � 1

2n

n

n

n

m nm



n

15

N = pq p q

m < N gcd (m, N)

gcd (m, N) 6= 1 m

p q N gcd (m, N) = 1

fN : N ! N

a 7! m
a mod N

P 2 Z>0 P m
P = 1 mod N



P m
P

2 +1 6= 0 mod N

P m
P

2 + 1 6= 0 mod N P

⇣
m

P

2 � 1
⌘⇣

m
P

2 + 1
⌘

= m
P � 1 = 0 mod N

m
P

2 +1 p q N

d = gcd
⇣
m

P

2 � 1, N
⌘

p q

N < 2n
n n

|Ai , |Bi n

|Ai = |Bi = |{0}ni

|Ai

(UQFT,n ⌦ In) |ABi =
1p
2n

2n�1X

a=0

|ai |Bi

|Ai
1p
2n

m P f :

{0, 1, . . . , 2n} ! {0, 1, . . . , N � 1} f : k 7! m
k mod N

Uf : |a, bi 7! |a, b� f (a)i b = 0

Uf : |a, bi 7! |a, f (a)i

Uf (UQFT,n ⌦ In) |ABi =
1p
2n

2n�1X

a=0

|ai |f (a)i



(UQFT,n ⌦ In) Uf (UQFT,n ⌦ In) |ABi =
1

2n

2n�1X

x=0

2n�1X

a=0

e
�⇡iax

2n |xi |f (a)i

n !1

f k k

0, k, 2k, 3k, . . .

|0Bi |PBi |(2P )Bi . . .

N = 15 m = 7 n = 5

(UQFT,n ⌦ In) |ABi =
1

4

15X

a=0

|aBi |0i

Uf

Uf (UQFT,n ⌦ In) |ABi =
1

4
((|0Bi+ |4Bi+ |8Bi+ |12Bi)⌦ |1Bi

+ (|1Bi+ |5Bi+ |9Bi+ |13Bi)⌦ |7Bi

+ (|2Bi+ |6Bi+ |10Bi+ |14Bi)⌦ |4Bi

+ (|3Bi+ |7Bi+ |11Bi+ |15Bi)⌦ |13Bi)

f

(UQFT,n ⌦ In) Uf (UQFT,n ⌦ In) |ABi =
1

4
((|0Bi+ |4Bi+ |8Bi+ |12Bi)⌦ |1Bi

+ (|0Bi+ i |4Bi � |8Bi � i |12Bi)⌦ |7Bi

+ (|0Bi � |4Bi+ |8Bi � |12Bi)⌦ |4Bi

+ (|0Bi � i |4Bi � |8Bi+ i |12Bi)⌦ |13Bi)



|0Bi , |4Bi , |8Bi , |12Bi
1
4 |0Bi

4 74 mod 15 = 2401 mod 15 = 1

7

71 mod 15 = 1

72 mod 15 = 49 mod 15 = 4

73 mod 15 = 343 mod 15 = 13

f

Uf

Uf

N � 1



U : C2n ! C2n
n > 1

U (|xi |yi) = U (|xi |xi) |xi 2 Cn

n > 1 n > 1

|x0i |xi

U (|xi |xi) = |xi |xi , U (|xi |x0i) = |xi |xi

U
1p
2
(|xi+ |x0i)

U

✓
1p
2

(|xi+ |x0i)⌦ |xi
◆

=

✓
1p
2

(|xi+ |x0i)
◆
⌦
✓

1p
2

(|xi+ |x0i)
◆

=
1

2
(|xxi+ |xx

0i+ |x0xi+ |x0x0i)

U

U

✓
1p
2

(|xi+ |x0i)⌦ |xi
◆

=
1p
2
U (|xi |xi) +

1p
2
U (|x0i |xi)

=
1p
2
|xxi+

1p
2
|x0xi

U ⇤

U : C4 ! C4

|0i U

U |00i 7! |00i , U |10i 7! |11i

|0i |1i



|0i
|1i

|000i
|100i |0i
|000i

1/
p

2 (|H1H2i+ |V1V2i) 1/
p

2 (|00i+ |11i)

|0i |00i
|0i



 = ( 1, 2, . . . , n) � = (�1,�2, . . . ,�n)

 

 �

 = ( 1 � �1, 2 � �2, . . . , n � �n)

 �

( 1 � �1, 2 ⌦ �2, . . . , n � �n) = ( 1 � �1 � �1, 2 � �2 � �2, . . . , n � �n � �n)

= ( 1, 2, . . . , n) =  

|Ri = |R1i ⌦ |R2i ⌦ . . . ⌦ |Rni |�i = |�1i ⌦
|�2i ⌦ . . .⌦ |�ni |Rii

|0i 7! |li , |1i 7! |$i
|0i 7! 1p

2
|li+ 1p

2
|$i , |1i 7! 1p

2
|li � 1p

2
|$i

i = 1, 2, . . . , n

|Rii ⌦ |�ii |0i 7!
|li , |1i 7! |$i



|Ri
n |R0i = |R0

1i ⌦ |R0
2i ⌦ . . . ⌦ |R0

ni n |�0i =

|�01i ⌦ |�02i ⌦ . . .⌦ |�0ni i = 1

1 i

|R0
ii = |0i

45� �45� |R0
ii = |1i |�0ii

|R0
ii = |0i |li 7! |0i , |$i 7! |1i

|R0
ii = |1i 1p

2
|li+ 1p

2
|$i 7! |0i , 1p

2
|li � 1p

2
|$i 7! |1i

i |R0
ii = |Rii

|R0
ii = |Rii

±45�

|0i |1i 1/2

|�0ii 6= |�ii |R0
ii = |Rii

1/2 1/2










