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PREFACE

Throughout this project one of the most difficult problems I have faced is trying to understand
quantum mechanics. There are many different approaches, as will be seen, and many strange
“phenomena” that may seem quite simple to describe at first, but actually require some deep
understanding. In some areas I have picked out interesting results, explained them further and
given examples, whilst not going in to detail in others. This is because certain details will be useful
in applications later on whilst others will not. Some, I just find interesting. I hope, however, that

I have provided enough quality references so that the reader can consider these further.

Much of the section on quantum mechanics relies on an undergraduate level of understanding of
linear algebra. There are some new results and some restatements of definitions or theorems which

are particularly useful or provide a useful tool for understanding.

Some of the sources I have used to compile this report have been very recent. For example, the
book by Mikio Nakahara and Tetsuo Ohmi [1| was released after I began writing this report. This
shows how quickly the field of quantum computing is advancing. New texts are becoming available

regularly.

I have created every diagram in this report. Most are based on existing diagrams and in these

cases I have referenced them.
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1. INTRODUCTION

1.1. Motivation. Throughout history we have seen advancements made through engineering and
based on the work of scientists, who structure their ideas upon mathematical foundations. The Ro-
mans constructed aqueducts; a civil service which helped the Romans grow to be one of the most fa-
mous civilisations in history. These waterways were built as directed in works “De Architectura”|2],
a first century BC work by Marcus Vitruvius. In the opening line of his work, Vitruvius describes
his subject:

“Architecture is a science arising out of many other sciences”

In his work he discusses the importance of theory and mathematics in creating his guide to engi-

neering.

In the first century BC experiments were relatively simple and thus the mathematics to model these
experiments was relatively simple. What Vitruvius did show however, was that these experiments
conducted on a small scale, along with some thought, could be used to build giant structures and

ensure they fit their purpose. It also highlighted boundaries.

Work by engineers today often comes very close to the physical boundaries of what can be done,
resulting in amazing structures, smaller computer processors or faster cars; just to name a few
examples. At some point however we do arrive at these boundaries. This does not mean to
say that we must stop. A new technology or approach may break these boundaries. Quantum
computing breaks the boundaries set by the classical model of the universe by accepting a new
understanding of the way the world works at a very small level.

Many of the technological advancements of the last 200 years have been preceded by many years
of speculation and theoretical interest in the area. The wright brothers may be accredited with
building the worlds first successful aeroplane but this is not to say Leonardo Da Vinci had not

tried around 400 years earlier.

Much of the work done in the area of quantum computing is theoretical. You can count the
number of real-life quantum computers on the fingers of just one of your hands. The progress
made in constructing quantum computers seems to be very slow, but this is not a valid reason to
stop studying the area. Without the work of mathematicians like Peter Shor, the motivation to

construct a quantum computer would be have half the strength it has.
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Thanks to his algorithm for factoring large numbers, we now know that anyone who is able to build
a quantum computer, with less than a millionth of the power and space of a modern computer, is
able to break almost all security used to transfer data over the Internet. This means that online
shopping, Internet banking and accessing a remote computer could no longer be safe. There is of
course the potential for criminals to make a lot of money and is therefore why it is of great interest

for national security organisations.

Lov Grover found a quantum algorithm for speeding up database searches in 1996. Databases
lie behind many of the systems in place today. Even logging into your email requires a database
search. This algorithm would offer a huge boost to companies who rely on large databases, saving
them money in time lost searching the databases, and in shrinking power-hungry computers needed

to perform the searches.

If we now consider the Internet. Without the work into graph theory, data compression and
communication protocols, it would be more of a disconnected, slow speed failure than the success
it is today. It is, of course, not often that we hear the names of these people. However, their work
was fundamental in the rapid and successful construction of this world wide network. Is it possible

that quantum computing could be this successful?

There are many hurdles to overcome. Quantum systems need to be completely independent of
their surroundings. This currently means cooling them to temperatures colder than outer space
and keeping them in a vacuum. They require expensive machinery and a lot of space. This was
the case when modern computers came into being in the 1940s. Now, a computer with many more
features and much more power fits in your pocket and runs on batteries. Our progress towards
the computers we have today was generally continuous with a few notable leaps. Although it
is impossible to say how the story of the quantum computer will unfold, we do know that it is

guaranteed a huge market and most likely a place in everybody’s home and work place.

Even if we do find that quantum computers won’t quite fit in every home or that it really is
impossible to cheaply produce quantum computers, we can still enjoy an exploration into the
unusual world of quantum mechanics and maybe we will find some possibilities for new technology.
As we shall see, there is already one product directly linked with quantum computing on the market.
The probabilistic nature of quantum mechanics makes its study very challenging. As Dirac|3] and
Dicke [4] explain; “Why should Newtonian mechanics hold outside the region of space and time we
see”, “Our brains evolved not to like quantum mechanics... [we believe| things are linear and they

either exist or don’t exist”.
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The study of quantum mechanics, however challenging it is, is also very rewarding. Even if it was
instantly proven that our quantum mechanical model was incorrect tomorrow, the study is very
intriguing from a mathematical point of view. Thus, even just for the rewards pure mathematics
brings, it is worth building a theoretical quantum computer, and this shall be one of the main
themes running through this report.

In regards to the structure of this report, we shall take a fresh look at classical mechanics in order
to prepare us for an exploration into quantum mechanics. We will not consider all of quantum
mechanics; just the bits we need. Then, we can take a shot at constructing a theoretical quantum
computer and look at some problems we can solve with it. We shall end with a few interesting

“quantum corollaries”.

1.2. A Glimpse at the History of Quantum Computing. To begin our exploration into
quantum computing we take a look back at how the subject came into being. In 1965 Gordon
Moore, co-founder of Intel, wrote an article[5| discussing a trend he had noticed in integrated
electronics production. The number of transistors in electronic devices had been doubling and
Moore predicted this would continue into the future. The prediction has held well since then and
by 2005 there were over 1,000,000,000 transistors on new processors|6]. Moore’s law affects other
components of a computer system. We have seen exponential increases in disk space, memory and
processing amongst others. Transistors will have to continue to get smaller if Moore’s law is to

hold, and as Moore himself admits;

“In terms of size [of a transistor| you can see that we’re approaching the size of atoms

which is a fundamental barrier.”|7]

Indeed, in ten to twenty years we will need to be producing devices which work on the quantum
level. To do this effectively we need to create computers that work within the framework of

quantum mechanics.

It is generally accepted that the idea of the quantum computer was first suggested by the famous
physicist Richard Feynman in 1982. This followed work by Paul Benioff which suggested how to
build a machine in the quantum world that could mimic a normal computer|[8]. However, this
would not take advantage of some of the useful quantum phenomena that could speed our comput-
ers up “exponentially”. Computers using these phenomena in their computations were given the
name Quantum Computers, whilst computers relying on classical mechanics were coined Classical
Computers. In 1985, David Deutsch finished the task of creating a theoretical quantum computer

and showed that there are fundamental processes a quantum computer could undertake, which



MA469 MATHS IN ACTION: QUANTUM COMPUTING 8

are unperformable by classical computers[9]. It was not until 1994, when Peter Shor released his
Quantum Factoring Algorithm[10], that the world finally saw how beneficial quantum computing
could be. Shor’s algorithm explained how to use a quantum computer to factor a large number
into its prime factors in much less time than would be possible on a classical computer.

Since Shor’s algorithm was made known to the public, there has been massive investment in
research into the engineering of a quantum computer. Building a quantum computer has proven
to be a difficult task, with only two notable quantum computers being built by Intel and D-Wave

systems. We will look into these further near the end of this report.

2. SOME IDEAS ABOUT CLASSICAL MECHANICS

In order to look into quantum mechanics it is first helpful to put forward a few ideas about classical
mechanics. The progression of these ideas here will be similar to the progression of ideas when
we study quantum mechanics. Thus, they should provide motivation for the route taken later and
hopefully keep the reader on track.

2.1. States. In the world around us we see all objects three dimensions - If there are no restrictions
on these objects then their positions have three degrees of freedom. All possible positions can be
written in terms of three numbers. Choosing three suitable directions and an origin we can write
the position of any point in space in terms of these directions - a linear combination of these
directions, or basis vectors. If we fix the directions and the origin we find these numbers are
unique to each point, giving us an isomorphism between the set of points in space and an ordered
collection of three numbers which we call a vector in three dimensions. If we vary the basis vectors

we originally chose, we can find new numbers to describe the same point in space.

From the evidence we have seen throughout our lives we would assume these numbers form a
continuum and thus we should let the numbers be numbers along the real line. We come to the
conclusion that from our experience the basic space around us should be modeled in R3.

We would like to be able to move across this space, compare points in it and build up more complex
structures. So we introduce operators on the space to let us “add” and “subtract” points, move
a point away from, or closer to, the origin (multiplication by a scalar) and move the point with
respect to the origin (multiplication by a matrix). We find it useful to be able to project these
vectors onto other vectors and find out how these two vectors compare. This is normally done
with the scalar product (an example of an inner product). We end up with a structure we call an

inner product space.
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Definition 2.1 (Inner Product Space). An inner product space is a vector space with the additional

structure of an inner product.

Remark. The definitions of terms used above can be found in any good book on linear algebra, for

example [11].

To describe our points in space we only require a three dimensional space over the real numbers.
Suppose we have a particle which we define, for the sake of simplicity, to be so small that it
occupies only one point in space. The position of this particle can be any one of the points in our
space but it can also have a number of other properties. For example, we may wish to give it a
velocity; in which case we would require an extra three dimensions to fully describe the particle.
We may have a particle which changes colour, in which case we should add an extra dimension
to describe this (We may not need all of this extra dimension, for example if we parameterised
its colour by the wavelength of light it reflects). Depending on the number of properties we wish
to give this particle we will need an n dimensional space, which we label S. In any experiment
that we might wish to conduct on this space we will be required to prepare our system into some
state so € S. We may need to place some particles in a particular position and set them moving
at certain velocities. Any preparation we do can be described as a vector sy € S. We call this
a state. Over time the state may change, and we may introduce things to our experiment which
change this state. However, if our space describes everything in our system, then we can always
attach a vector to this state.

2.2. Measurements. The most important part of any experiment is having the ability to measure
properties of the system. We may wish to measure position, velocity, energy, or anything else
permissible in our state space. Some of these measurements may be direct measurements of part
of our state vector. For example, if in S = R3, a particle is placed at a specific point, measuring
position simply means extracting the state vector directly. Other measurements however are
functions of the state vector. For example, if we wish to measure the distance of the particle from
the origin, we apply the function d : S — R, where

d((x1,29,23)) = /23 + 23 + 23

In the case of measuring the position directly, we are again applying a function. It is simply the

identity function i : § — R®, where

i(($1,1’2,$3)) = ($1,1’2,l"3)
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When making these measurements in classical mechanics, we always assume that we can make the
measurements without disrupting the state. For example, if we wish to measure the position of a
particle, we could take a ruler and measure the distance from the origin and the angles from our
basis vectors that we took the measurement. We just have to be careful not to nudge the particle.
We will see later that quantum mechanics says that we can not always do this - the measuring
device always plays a part in the system, and its presence will affect future measurements made
on the system. In fact these measurements cause an unpredictable (up to a point) change of state.
This means that our quantum system is undeterministic in general - we cannot predict exactly
what will happen in the future or figure out exactly what has happened in the past. Classical
mechanics assumes that the world is completely deterministic. If we know the exact state of a
system, we can predict all its future states and figure out all its previous states. This is why in
the following we are allowed to consider the functions discussed for all times ¢ € R.

2.3. Time Evolution. So far we have looked at the state of a system at a single time. However,
systems in general change with progression in time. Progression in time does not introduce any
new states (particles do not seem to appear or disappear as time progresses), and thus our state
space does not change as time progresses. Any chance that our states could have moved outside
the state space should have been taken account of in constructing the state space. In the example
above with a particle in three dimensional space, we gave it enough room to move by considering

its position to be valid anywhere in R3.

Supposing we have our state at time ¢, as a vector s, € S, then we can write any future state
s(t) as a function f; : S — S, so that s(t) = fi(so). We should impose different constraints
on s(t) depending on the system we are in. For our example of a particle in space, we should
at least have s (t) continuous otherwise our particle could jump from one place to another, and
this does definitely not agree with evidence of the world around us! In general, it also true that
s(t1 +t2) = fi, (fi, (S0)) as our physical laws do not change as time progresses. We also find
that certain conservation laws hold. We have for example the conservation of energy and the
conservation of momentum. As we discussed earlier, these are both functions of state space, and

thus for these functions, say £ : S — R and M : S — R respectively, we should have
E(s(t)) = E(s0)
M (s(t))=M(sg) VteR

The final thing we will discuss before studying quantum computing, is the idea of a machine.

A machine has a purpose that it is built to fulfill. The machine may, for example, measure
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temperature and tell a heating system when to turn on because it’s too cold, or turn off because
it’s too hot. This machine is a thermostat. It takes an input, which it processes so that it can
output some signal to the heating system. Our machine may be a very simple one, but it is also
very useful in that it means it is possible to keep your house at a reasonable temperature without
any trouble.

In general, a machine will take some inputs, process them and then output a result.

3. CONSTRUCTING A STATE SPACE

We will find the journey from understanding classical mechanics to accepting quantum mechanics
much like the journey from understanding the real numbers to accepting the complex numbers.
Most overtly, our state space moves from the field of real numbers to a space occupied by complex
numbers. Our use of quantum mechanics may seem trivial and awkward at first, but its true power
will be seen in later sections and hopefully by then the reader will be more confident in its use.
We will see a system which is quick and relatively easy to use evolve and the notational simplicity

we gain will help us solve problems without too much trouble.

To help us construct the space inhabited by quantum particles we use the example of a photon
and the quantum phenomena we observe with respect to its polarisation. In sections 3.1 and
3.2 I have constructed some formalism for ideas that I have seen in other places so that there is
some motivation for the later work on constructing the mathematics. The polarisation section was
mainly developed from the wikipedia entry on polarisation [12]| and for the section on the Mach-
Zehnder interferometer I found the article [13|, which can be found at http: // stacks. iop. org/
0031-9120/ 35/ 46, to be a well written and relatively non-mathematical source. I have however

developed section 3.2 and especially section 5.2 further than I have seen in any source.

3.1. Polarisation State. In 1864, Maxwell postulated that light was composed of wave-like elec-
tric and magnetic fields and gave equations (the famous Maxwell equations) showing how a moving
electric field generates a magnetic field and vice versa[14]. To look at what we mean by the polar-
isation of light, we restrict ourselves to considering the electric field. We look at how the direction
of the electric field changes as we move along the direction in which the light is traveling.

If we have both components of the electric field oscillating in time as we move along the direction
of travel (which we will take to be the direction z), we see linear polarisation as in figure 3.1. In

this figure the direction of the electric field always lies in a plane which contains the direction of



MA469 MATHS IN ACTION: QUANTUM COMPUTING 12

— VvV »

Y
Yy y component
Electric Field

Direction

-« L —
€T

a component

FIGURE 3.1. Linear polarisation with the electric field forming a sinusoidal wave as
it moves in direction z. This figure is based on the wikipedia entry on polarisation.

travel. We do not necessarily have to have the amplitudes of each component of the field equal,

we just require that they are in phase.

Now we keep the frequencies of both components of the oscillation the same but move them out of
phase. We find that as we move along the direction of travel, the electric field traces out an ellipse
in the z-y plane (shown by the red line in figure 3.2). We can write the sinusoidal wave, with a

fixed frequency corresponding to w, in each component as
r =A,sin (wz + 6,)
y =A,sin (wz + 6,)

We note that the frequency and amplitude of the photon is invariant in most experiments (and all
experiments we shall be considering in this report). Taking the frequency to be constant means
that we can, without loss of generality, assume that w = 1. We can then describe each component
J = x,y by a phase angle ; and a real number A;, or equivalently encode these both into a
complex number ¢; = A;e’. Following the notation used originally by Dirac[3], we can then write
our photon as ¢, |x) + ¢, |y), or as is more common, cy |H) +cy |V) (we have just relabeled z to H

and y to V). Next we impose the constancy of amplitude on the previous expression. It is easiest
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F1GURE 3.2. Circular polarisation with the electric field moving along a helix as it
moves in direction z. This figure is based on the wikipedia entry on polarisation.

(and as we shall see later, useful) to consider the photon having unit amplitude, thus satisfying

leu|* + Jev]® =1

We can see why this should be true. We consider the sum of the squares of the amplitudes of the
two components. Pythagoras tells us that this quantity must be the same as the square of the

amplitude of the diagonal (i.e. the amplitude of the photon).

The notation used here is called bra-ket notation, with the quantities |H) , |V) called kets and the
quantities cy,cyy € C called phase factors. We will leave defining exactly what this means until
later, but for now we can see the expression cy |H) + ¢y |V) encodes all we need to know about
a photon with varying polarisation. We call this expression the polarisation state of the photon.

We continue by considering how the polarisation state affects an experiment.

3.2. The Mach-Zehnder Interferometer. Suppose we set up an experiment as in figure 3.3,
with a photon source capable of emitting a photon so that it follows the paths shown. A half-
silvered mirror, which is made up of block of glass and a half-silvered surface, is designed so that
it lets photons through with probability 1/2 and reflects photons with probability 1/2. Both half
silvered mirrors have blocks of glass of the same depth behind them. The figure shows the path
of the photon being split by a half-silvered mirror, then the paths being reflected so that the two
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—, Second Half-

Fully Silvered | Silvered Mirror
Photon

Mirror 1
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FIGURE 3.3. Deutsch’s example of a quantum phenomenon|9|

paths the photon can take meet again at the second silver mirror. We place two detectors as shown

so we can observe what has happened to the photon.

We understand that a photon hitting the first half-silvered mirror has probability 1/2 of taking the
path up to mirror 1 and probability 1/2 of continuing on to mirror 2. Considering the path which
touches mirror 1, we would think that any photon taking this path would then hit the second
half-silvered mirror and we would see the photon at A and B with equal probability. Similarly,
any photon which has taken the other path and has been reflected off mirror 2 would be observed
at A or B with equal probability. So overall we would expect any photon being emitted from our
source to be observed at A, 50% of the time and at B, 50% of the time. This is not the case.

Experiments show that all photons from the photon source are detected at B; no light makes it
to an observer at A. It may seem counter-intuitive, but if we take into account the following facts

and remove the assumption of locality, we can show why this is the case.

Fact. Light which is reflected by a denser material than the one it is traveling through undergoes

a phase angle change of half a wavelength, equivalent to m radians.

Fact. When light travels through glass its phase is retarded by an amount linearly dependent on
the depth of the glass through which it travels.



MA469 MATHS IN ACTION: QUANTUM COMPUTING 15

Our assumption of locality here is that the photon must exist in one place at each moment in
time. Quantum mechanics removes this assumption and allows the photon to travel both paths
after the first half-silvered mirror. Both at the same time. The photon is somehow split in two. It
is only when we choose to check whether the photon is traveling one of these paths (for example
by putting a detector along one of these paths) that the delocalised photon suddenly becomes
localised to either one path or another. It seems that the photon is split so that its spread over

the two paths can be described by a probability distribution.

In the experiment above we find that we are getting constructive and destructive interference of
the photon with itself. As the photon takes each path, we find that the phase is changed differently
along each path according to the rules above. When the paths cross again an interference process
occurs, “summing’ the polarisations of the light from each of the paths to give light with new
polarisations traveling along the new paths. We find what is called constructive interference:
when the polarisations are such that the electric field oscillations complement each other and we
get larger oscillations. In destructive interference, some (or possibly all) of the electric field vectors
cancel each other and we end up with smaller oscillations (or no oscillations) compared with before
the interference occured. From the way we have defined our polarisation state, it is easy to see

that interference simply occurs from summing our phase factors for each |H) and each |V).

Let us assume the photon begins in the polarisation state Age®® |H) + Aye®v |V). Taking into
account the two facts above, we look at what happens to the photon’s polarisation state as we
travel each of the paths. We label the path taken which touches mirror 1, path 1, and the path
which touches mirror 2, path 2. We assume that as photon passes through the glass behind the
half-silvered mirrors, its phase angle changes by some constant c. We get the following table giving

the results of the phase changes.
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Distance along
Path

Polarisation state along path 1

Polarisation state along path 2

Immediately
after the first

silvered mirror

AHei(QH-HT) |H> + Avei(gv-‘rﬂ') |V>

At |HY 4 Ayel@vto |V)

Immediately

after each mirror

AHei(9H+27r) |H> + Avei(6v+2w) |V>

AHei(0H+7r+c) |H> + Avei(‘9v+ﬂ'+c) |V>

Just before the
semi reflective
surface of the
second
half-silvered

mirror

AHei(9H+27r+c) |H> 4 Avei(9V+2ﬂ'+c) "/>

AHei(0H+7r+c) |H> + Avei(9V+7r+c) |V>

Now, light from path 1 is hitting the half-silvered mirror from the glass (which is denser than air)

side. Its phase remains unchanged whether it is reflected or travels through the mirror, so it has

polarisation state

AHei(GH-i-Qﬂ'—i-c) |H> + Avei(9V+27T+c) |V> _ AHei(QH—i-c) |H> + Avei(9V+c) |V>

heading towards either detector. The light from path 2 is either reflected towards B, with polari-

sation state

AHei(9H+27r+c) ‘H> + Avei(9V+27r+c) ’v> _ AHei(QHJrc) ‘H> + Avei(9V+c) |V>

Alternatively, it travels through the half-silvered mirror’s surface, retaining its polarisation state

AHei(9H+7r+c) ’H> + Avei(Gerﬂ'Jrc) |V> _ _AHei(9H+C) ‘H> _ Aei(HVJrc) ‘V>

Along each of these paths the two parts of the photon interfere, so that along the path to A, we

get a wave with polarisation state

[AHei(GH-i-c) |H> + Avei(9V+c) |V>] + [_AHei(GH-i-c) ‘H> o Aei(@y-ﬁ-c) ‘Vﬂ =0

We get no light at all traveling towards detector A.

Along the path to B, we find constructive interference and get a wave with polarisation state
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[AHei(6H+c) |H> + Avei(Gv-i-c) |V>} + [AHei(GH—O—c) |H> + Avei(9v+c) |V>]
—9 [AHei(9H+C) |H> + Avei(ev-‘—c) |V>]

We are almost there. We have found that at A we have no light, as our experiment showed.
However, at B we seem to have twice the photon we did before and we have violated the law of
energy conservation. We have forgotten to take into account the probability distributions after the
photon is split by the half-silvered mirrors. As we found before, when we considered the photon as
a particle, the photon reaches detector A with probability 1/2 and detector B with probability 1/2.
In some sense, our phase factor and our probability must be linked. Multiplying our phase factors,
along the path to B, both by the probability 1/2 we find we end up with our original photon with
a constant phase angle adjustment:

AHei(6H+c) |H> + Avei(év+c) ’V>

This experiment shows why we must consider the wave-like properties (sometimes called the in-
ternal state) of the photon as well as the particle-like properties (sometimes called the external
state) of the photon. We have given a flavour of how quantum mechanics works and using sim-
ple probabilistic arguments we were able to bring our model into agreement with experiment by
considering the photon as both a wave and a particle. However we did not, for example, consider
the mathematics describing exactly how the photon was probabilistically “split” after each the first
half-silvered mirror. Schrodinger’s wave equation gives us these answers, telling us exactly how
probability is distributed and taking into account the phase factors of polarisation states and more
general states. We will not however look directly at the wave equation, but we will now formalise
what we have just seen, following the work done by Dirac in [3| and following a similar route to

[1].

3.3. Bra-ket Notation. Dirac takes us through the general process of discovering what the rela-
tionship is between phase factors and probability amplitudes. Following the notation used origi-
nally by Dirac, we write a column vector, in the n dimensional vector space C", with components
T1,%o,...,%, € C, as a ket vector

T

T2

Tn
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I have taken the following two assumptions almost directly from Dirac’s book [3]. We assume
that at a particular time each state of a dynamical system corresponds to a to a ket vector. We
make the further assumption that if this state results from the superposition of other states, its
ket vector is linearly dependent on the ket vectors corresponding to the other states.

Thus C" is our state space. For now we will just allow vectors in this space to be summed and
multiplied by scalars, so that C" take its standard vector space form. This gives rise to the idea

of linear functions, and the space they occupy.

We introduce the idea of a dual vector space. This is the space formed by the functions f :
C" — C which operate linearly on vectors in the vector space. We note that there is a one
to one correspondence between linear functions f : C* — C and 1 by n matrices (i.e. row
vectors). Thus we can write the dual space of C™ as the space of row vectors (aq, ag, ..., a,) with
aq,Qa, ..., € C, which we label as (a| = (aq,ag, ..., ;). The vector (| is called a bra vector.

We come to two important definitions

Definition 3.1 (Dual Space of C"). The dual space of the vector space of ket vectors is the vector
space of bra vectors over C. We label this space C"™*.

Definition 3.2 (Inner Product of a Bra Vector and a Ket Vector). The inner product of a bra

vector (a| and |z) is

((a]) (J)) =) e
i=1
For brevity we shorten the inner product to (a|z), so that (a|z) = ({(a]) (|x))

It is easy to verify that the inner product is linear in the ket vector: fixing («/|, we see that

({al) (er[z) + ez [y)) Z iC1T; + iy,

=1

n n
= E Q;x; + Co E Q;Y;
i=1 =1

a1 {alz) + ¢ {aly)

Now we define a linear isomorphism between our ket and bra vectors. Let ¢ : C* — C™ be defined
as taking the linear function taking the complex conjugate transpose of the ket in the domain. i.e.

For |z) = (z1,29,. .. Lx,) € C,

¢ (|l2) = (T1, %2, ..., T,) = (x| € C™
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The superscript ¢t denotes the transpose of the vector and the bar operator gives the complex
conjugate of its operand ((a + bi) = a — bi, i = v/—1). We have also defined the bra vector with
the same label to be the complex conjugate transpose of the ket vector with the same label. In

short hand we write
(x| =12)" = (z[=¢(z))

and

With this isomorphism, we can say that |z) and (z| correspond to the same quantum state. This
may seem unusual, but it allows us to develop many further properties easily.

Theorem 3.3. The space of ket vectors, C", with the inner product (-|-) forms an inner product

space.

Proof. Above we did not prove that the operator we said was an inner product was actually an
inner product. We do this here. We have already shown the inner product is linear in the second
component. We now show positive-definiteness ((z|x) € Rog < |x) # 0).

(ala) = (12)") |2) = Zi’:c

The product of a complex number and its conjugate is a real number not less than zero. So the
sum is also real and greater than zero unless every component is zero, in which case |z) = 0. The

final property of an inner product is that conjugate symmetry holds. For all |z), |y) € C",

(zly) = (’@t) ly) = Zfzyz = (Z 551@7@') = (Z gz%) = ((|17>t) ’@) = W

To finish the proof we note that by assumption our space of ket vectors is a vector space over

C. U

From defining our space in this way, we get, as is shown in many linear algebra books (for example

[11]), the following properties.

Proposition 3.4. The inner product is sesquilinear:

(z|cryy + coya) = 1 (xlyr) + c2 (2|y2)

(er171 + camaly) = &1 (z1|y) + & (z2]y)
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where |c1y1 + cay2) = 1 |y1) + 2 |y2). Note that we proved the first equation earlier.

Definition 3.5 (Length of a State). We define a norm on the space of ket vectors by

)|} = v/ {x]x)

and we call this the length of the vector |z).

The fact that we are in an inner product tells us this norm is well defined and that the properties

of norm hold.

3.4. The Tensor and Outer Products. We now add further operators to our inner product
space which will be useful later. To combine systems in quantum mechanics, we use the tensor

product, which takes and m x n matrix and a p X ¢ matrix to give a mp X ng matrix

Definition 3.6 (Tensor Product). Let A be an m X n matrix and B be a p x ¢ matrix with
elements (4; ;) and (By,;) respectively. The matrices are then

Al 1 A1,2 ALn Bl,l Bl 2 Bl q
A= A2,1 A2,2 AZ,n 7 B— B.2,1 B2,2 BQ,q
Am 1 Am,2 Am,n Bp,l Bp,Z Bp,q

The tensor product A ® B is the matrix formed by joining the matrices A;;B so that the
((i —)ym+Fk, (j —1)n+1)" element of A ® B is A;;Bi;. This can be seen more intuitively

as

AaB AB - A,B

Ao B AspB - Ay, B
Ao B — 2,.1 2,‘2 | 2,‘

Am,lB Am,QB Am,nB
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Example 3.7 (Simple Matrix Tensor Product).

Bi1 B Bi1 B
Ay Aq o
A Aip 2 Biy Bip By By By Baa
Asr Az By Bsp Bi1 B B Bip
Agy Az
By1 Bsp By1 Bsp

Al 1Bll Al lBl2 AIQBll Al 2312

) ) ) ) ) ) ) )

A11Byy A11Bay A192Boi Ai9Bss

Ay 1B1y As1Bio AssBii AsaBio
Ay 1Byy As1Baoy AgsBoy AgoBos

The tensor product is used in quantum mechanics as it reflects the property of entanglement. In
classical mechanics, the cross product is used. If we have classical systems in R™ and R", then the
two systems together act in the space R™ x R™ = R™*", giving us m + n degrees of freedom. In
the quantum world however, taking the tensor product of two separate systems in C™ and C" we
get the space C™", which has mn degrees of freedom. This is bigger than the number of degrees
of freedom in the classical case for m,n > 2. This means that our quantum systems become very
complex as we move into higher dimensions, but it also means that we get some unusual, but

useful, effects occurring.
Before we move on, we look at the definition of the outer product for completeness.
Definition 3.8 (Outer Product). For |z),|y) € C" we define the outer product
[2) (yl = |2) ® (yl = |2) ® [9)’
|z) (y| is an n x n matrix.

Proposition 3.9. To fit in with the notation we have already developed, we should have ¥ |x) , |y) , |p),|q) €
cn,

(1) (=) (wl) [p) = |} (ylp))
(2) (gl (|} (yl) = ({al=)) [y)



MA469 MATHS IN ACTION: QUANTUM COMPUTING 22

Proof. For part 1,

T1Y1 TiYe 0 Tiln D1

Tol1 TolYo - Toln D2
(J) (yl) Ip) =

Tt TnulYz - Tpln Pn

n
Z T1YiDi
i—1

n
Z T2YiDi
i—1

Z TnYiDi
i=1

T
T2 n B
= ) Z?/ipi = |z) ((ylp))
: i=1
Ty
For part 2,
1 TiYe o Tiln
o _ Tolh TolYo - Taln
TpY1 Tl - TpUn

n n n
= (Z ;T , Z GiTilY2 y oo s Z %%Z/n)
i—1 i—1 i—1

=3 ) = (gl )
) O

Remark. This proves associativity, and thus we can remove the brackets in the expressions above.

3.5. Basis of The Inner Product Space. A set of n linearly independent vectors {|vy) , |v2), ..., |v,)} C
C™ is called a basis and any ket |x)can be written as a linear combination of these kets, with the

coefficient of each basis vector |v;) equal to (v;|z). We say two kets |x), |y) are orthogonal if

(zly) =0
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Any basis in which all the vectors are orthogonal to each other and each vector has length 1 is called
an orthonormal basis. From any set of k linearly independent vectors, we can get an orthonormal
basis of the subspace spanned by these vectors by performing a Gram-Schmidt orthonormalisation.
The preceding facts are all proved in [11] and should be familiar to the reader.

Definition 3.10 (A Projection Operator). Let {|e1),|ea), ..., |en)} be an orthonormal basis of
C", then the matrix

B = lex) (exl
is called a projection operator in the direction |ey).

Example 3.11 (A Projection Operator Acting on a Vector). Suppose we take the standard basis
{(1, 0)", (0, 1)t} of C?, then the projection operator

1
P = 0
00

acting on a vector v = (vy,vs)", gives us Piv = (v1,0)" - the projection of the vector to the line
defined by (1,0)". Similarly, Pov = (0,v5)", giving us the projection of v on the line formed by
extending (0,1)".

In general, applying the projection operator to a vector gives us a new vector in the direction of
the projection operator whose length is the inner product of the appropriate basis vector, and the
operand vector. We shall see that the projection operator is useful for making measurements on
our system and also useful for constructing time evolution operations. Geometrically it is easy to

see that following properties hold, but their proofs are short, so we shall prove them anyway.

Proposition 3.12. Let Py be a projection operator on C", then

(1) Pk2 = Dy,
(2) PPy =0,
(3) The completeness relation, ZR = I,,, holds.
i=1
Where I,, is the n X n identity matriz with diagonal entries all equal to one, and zeros everywhere

else.

Proof. (1) P¢ = lex) {exllex) (ex] = lex) (e | ex) (ex| = len) 1 (ex] = lex) (ex] = Pr
(2) PP = lex) (el lej) (ej] = lex) (ex | €5) (€] = lex) 0 (e;| =0
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(3) For any |z) € C",

n

In|x>:|x>:Z(el|x le;) = Z|el (e; | x) = <Z|el ez>

i=1

And thus Y1, |e;) (ei] = L.

4. MAKING MEASUREMENTS

The inner product space defined gives us a region in which to model states, superpose them and
perform other operations on them. We would now like to extract measurements from our system.
We may, for example, wish to measure energy, momentum or position. As in the experiment in
section 3.2, when taking measurements we lose the non-locality and the probability distribution
associated with the quantum system. We shall thus need to take account of this in our model
for measurement. We will describe which state the system will collapse to by considering the
eigenvectors of our measurements and the probability of the system doing this will be given by

the eigenvalues associated to these.

4.1. Measurements as Linear Operators. As we saw in the classical case, measurements are
simply functions on the state of our system. We look at linear operators to begin with, which
are linear functions from C* — C". When applying a linear operator A : C* — C”" to a vector
|x) € C", we write A|x). We note the one to one correspondence between linear operators and

n X n matrices and construct a vector space so that for linear operators, or equivalently, matrices
A, B;

(1) Ajz) =0V|z) & A=0
(2) (A+B)|z) = Alz) + Blz)
(3) (AB)|z) = A(B|z))
(4)

4) (e A) ly) = (x| (Aly))

Note that multiplying a ket by a scalar value & € C gives the same result as multiplying the ket
by the matrix kI, thus we can regard scalar multiplication as a linear operator.

We look at expressing our matrix in terms of an orthonormal basis B = {|e1) ,|e2), ..., |en)}. For

A:C"— C", Aleg) is another ket vector in C™ and thus we can expand it in terms of our basis,
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so for some unique A;, € C

Aley) = ZAM; i)

Multiplying by the bra (e;| € B*, we get

(ej] Alex) = eJ|ZAk\e = Al e = A,
i=1

From these values A, = (e;| Alex) we can construct a new matrix A’ such that (A'),, = A}, =
(ej| Aleg). This matrix tells us how the linear operator acts on vectors written in terms of the
basis B. Again it is linear, so we can conclude that changing orthonormal bases does not affect
the linearity of our linear operators, and in fact, from the completeness relation (proposition 3.12,

part 3), we can write

A=TAT =" |e;) (el Alex) (exl = > lej) A (ex| = Z Ajile;) {ex]
k=1 k=1 k=1

This tells us that A is a linear transformation of A’, and similarly, A’ is a linear transformation of
A. This decomposition is called a spectral decomposition and shows that we can describe a matrix

fully in terms of its action on the basis vectors.

When we conducted our experiment in section 3.2, we found that if we removed the second half-
silvered mirror, we had a probability of 1/2 of observing an emitted photon at A and a probability
of 1/2 of observing it at B, however we also said that the photon actually traveled both paths (this
allowed interference to occur when we inserted the second half-silvered mirror). Our measurement
of the position of the photon could not show us that half a photon had arrived at either detector.
We had to see a whole photon at either one or the other. We called this the collapse of our
probability distribution. We now look into modeling which states a system can collapse to, and
the measurements we would get if the system collapsed into that state. We model these by

eigenvectors in our state space and eigenvalues respectively.

Definition 4.1 (Eigenvalue and Eigenvector). Fixing our linear operator A, we call the solutions
AeC, |zy € C" to
Alz) = Alz)

the eigenvalues and eigenvectors of A.
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We may get several eigenvectors for a specific eigenvalue, and we can show these eigenvectors
form a vector subspace of C”, which contains all vectors that are eigenvectors corresponding to
the eigenvalue. We can also show the eigenvectors corresponding to different eigenvalues are
orthogonal. Any eigenvector can be normalised (i.e. multiplied by a factor to give a vector of
unit length) and it will still be an eigenvector. With these facts in mind, we use symbol |)\) to
denote an eigenvector of an eigenvalue A. For the method of finding eigenvectors and eigenvalues

the reader should perform a search online or consult a book on linear algebra such as [11].

4.2. Hermitian Matrices. We take a measurement to be a calculation of the form
(z] Aly)

Where A linear operator and the states |z), |y) are being measured. It is normally the case that

we would like to measure one state, in which case we take the measurement

(z] Alz)

We are talking about linear operators as measurements and we therefore need them to have real
number results. We could measure the imaginary and real parts of a complex number, but as
we saw before, there are many problems associated with making two measurements, especially if
the two are linked. How can we guarantee our results are real numbers? Well, if A is our linear

operator, then we want that for all states |z),|y) € C",

(x| Aly) = (x| Aly)
For this we will define a self-adjoint linear operator, or in terms of a matrix, a Hermitian matrix.

Definition 4.2 (Hermitian Conjugate). Given an n x n matrix A over C, We define its Hermitian

conjugate A* to be the complex conjugate transpose of A. i.e. A;; = A7,

Al,l A1,2 e Al,n Al,l A2,1 An,l

A A e Aoy Als Ay A,
A ‘2,1 ‘2,2 2, — At — ‘1,2 2,2 ‘,2

An,l An,2 e An,n Al n A2,n An,n

Proposition 4.3. For dall |z),|y) € C"

(x[ Aly) = (Ax [ y) = (y| A [x)

Where (A*z| = (A* |z))"
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Proof. We prove the first equality:

Al 1 A1,2 Aln
— _ A2,1 AQ,Q e AQ,n

<$|A|y> :(xlaan"'axn) . . .. . |y>
Anl An2 Ann

_ (Z T A1, ZTiAi72 ZTiAi,n) 1Y)
i=1 i=1 =

Z il?z‘Az‘,l
i?ll
Z $z‘Ai,2
=1 =1 |Z/>
Z $iAz‘,n
i=1
- t
A1,1 A2,1 T An,l T
A1,2 A2,2 te An,2 4op) .
= L : ly) = (Azly)
L Al,n AQ,n e An,n Tn

And now the second equality comes from the conjugacy relation (a|b) = (b]|a) described in
theorem 3.3:

(A*z | y) = (y | Axz) = (y| A* |z)

Thus if we have A = A*, our measurement is equal to its conjugate and thus real.
Definition 4.4 (Hermitian Matrix). A matrix A with the property A = A* is called Hermitian.

Remark. Equivalently, a linear operator A which has the property that its matrix A = A* is called
self-adjoint.

Proposition 4.5. A Hermitian matriz has real eigenvalues.
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Proof. If A|X\) = X |)\) for all eigenvectors |A) corresponding to A then

XA =X ) = (AN A) = (A ) A)
= (AN A) = (A[AN) = (AN
=AM | A)

Thus A = X and \ € R. O

Proposition 4.6. The eigenvectors corresponding to different eigenvalues of a Hermitian matriz

are orthonormal

Proof. Assume we have to eigenvalues A # X\’ of a Hermitian matrix A, then

NTA) = (AN TA) = AN = (VAN = AN [
Since A and X are real and not equal, we must have (X' | \) = 0 and |\) is orthogonal to [\') O

Applying the Gram-Schmidt orthonormalisation procedure, we can find an orthonormal basis of the
vector spaces spanned by the eigenvectors corresponding to each eigenvalue. Since the eigenvectors
corresponding to each eigenvalue are all orthogonal to each other, we can construct an orthonormal
basis of the space of all eigenvectors of a linear operator. We assume from now on that all our

basis are orthonormal basis.

We now look at how probability factors into measurements. Suppose that we have basis states
{le1) ,le2),...,|en)} of C*. Making that measurement causes the state to jump to one of the
eigenvectors. We look at applying the projection operator to make a measurement of the state

ciler) +caler) + ...+ cnlen)

Then, for each |e;)
(@1 (e1] + G2 (ea] + ... + Ty (en]) |ei) (€] (c1]er) + cales) + ...+ cnlen))
= cic; (ei |eq) (el e:)
= |Cz'|2

It takes a little work, but Dirac shows that this is the probability of the state collapsing to the
state |e;) (it is quite easy to guess this is the case). Now, if we consider this holds for each |e;) and
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that the system cannot collapse to a state outside its state space, we must have that the sum of
these probabilities is 1. i.e.
|Cl|2 -+ |Cg|2 4+ ...+ |Cn|2 =1

As we suspected in the experiment of section 3.2, our probabilities and phase factors are linked.

5. QUANTUM MECHANICAL TIME EVOLUTION AND LARGER SYSTEMS

While discussing time evolving quantum mechanics we ignore making measurements during the
time evolution. We classify a certain type of matrix which we use to transform our state space
from one time, to our state space at the next. The laws of quantum mechanics tell us that the

matrices that perform time evolution are unitary matrices.

Definition 5.1 (Unitary Matrix). An invertible matrix U which satisfies U* = U~! (i.e. its inverse
is its Hermitian conjugate) is called a unitary matriz. A unitary matrix with unit determinant is

said to be a special unitary matric.

Proposition 5.2. A unitary matriz U acting on C" preserves inner products: For all|z) | |y) € C",
({Uz | Uy) = (= | y).

Proof.
Uz |Uy) = (U Uz |y) = (U™ Uz | y) = (x| y)

0

Thus it is also easy to see they preserve norms, and if two vectors are orthogonal before being acted
upon by a unitary matrix, they will be orthogonal afterwards. We find that unitary operators are
the exact transformations of our space which occur as time progresses. So long as our system is
left undisturbed, it will progress so that for a state s (¢) at time ¢ > 0, and initial state sy at ¢ = 0,
there is a time dependent matrix U (t), which is unitary for every ¢, and such that

But then, by the fact that U (¢) is invertible, we find

so=U""(t)s(t)

Thus, so long as we do not interrupt the system between times ¢y and ¢;and we know the state sy

at time T' € [to, 1] and the time dependent unitary operator U (t) for t € [to, 1], we can determine
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the state at sy and therefore all the states s (¢). Thus a quantum system which is free from external

influence evolves deterministically.

We finally note some properties of unitary matrices Uy, Us (these are proven in [11])

(1) UyU, is unitary
(2) Uy ® Uy is unitary
(3) U~ is unitary

5.1. A Quantum Coin Toss. The quantum coin flip is a good example (taken from [15]) of how
strange our departure is, not only from classical mechanics, but from classical probability ideas.
We consider tossing a quantum coin. This quantum coin must have two measurable states: |H)
and |T') - in the classical sense corresponding to heads or tails facing up. The act of tossing the coin
from either original state must be a unitary operation U giving us the probability of measuring
|H) to be /2 and the probability of measuring |T') to be 1/2. Noting our discussion on probabilities
at the end of section 4.2, our phase factors therefore must be +1/v2 after the operation. To ensure

our operation is unitary, we must have either of the following

1

V2
1
Noid

U H) == |H) + = IT)
0

UIT) == [H) - = IT)

U|H) = )+

1

7 IT")
1

7 T

We will just consider the first situation, as the the second is very similar. We would expect that

1
——|H
¢?

UIT) =5 |H) +

applying the unitary operation to either of the resulting states would give us another state where
the probability of observing the state |H) is /2 and of observing |T) is /2. However, assuming we

do not make a measurement, we see

UHH>:U<

UﬂT>:U<
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|H)

|[ |H>

|H)

FIGURE 5.1. Mach-Zehnder Interferometer with an extra input

A measurement made on U?™ |H) (m € N) will give us |[H) with probability 1 and a measurement
made on U?™|T) (m € N) will give us |T) with probability 1. Classical mechanics tells us that if
we knew all the information about the coin, and the way it was tossed, we would be able to work
out whether it lands as a head or a tails. This experiment does not tell us that there is no quantum
equivalent of tossing a coin, it serves as a counterexample to why we could not simplify our space
to a simple probabilistic one in which case the factors are real numbers. We need complex phase

factors.

Definition 5.3 (Hadamard-Walsh Matrix). The unitary operator just described is called a Hadamard-

1 (11
HQ:E<1 —1)

Remark. The previous example showed that HZ = I.

Walsh matriz

5.2. Further Development of the Mach-Zehnder Interferometer. Returning to the exper-
iment with the Mach-Zehnder interferometer we studied in section 3.2, we see that the Hadamard
matrix actually describes the action of the beam splitter if we take the limit as the width of the
glass at the back of each beam splitter tends to zero. Take the state |H) to be the state of the
photon existing somewhere, in each section, along the path labeled |H) (the red path) in figure
5.1, and the state |T') to be the state where the photon exists somewhere along the path labeled
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|T") (the blue path), in each section, in the same figure. Now assume each section 1,2,3 and 4
correspond to the same amount of time (i.e. the mirrors are positioned on the corners of a square),
then in each section, or time frame 7; (i = 1,2, 3,4), the polarisation state of the photon is constant

so long as we do not make any measurements.

We stated in section 3.2 that reflection Rp of a mirror from the outside (side made up of air)

changes the photons phase by 7, whereas reflection R; from the inside (glass side) caused no phase

change. i.e. Rp|S) = —|S) and R; = I. Thus we get the following table of states, showing what
happens if we initially fire a photon along either the |H) path or |T") from the bottom left of the
figure 5.1.

L ) | ) |

7, 2 (H) + 1)) 2 (H) - 1))

7, — 3 ([H) + ) — L (jH) — |T))

T, |H) |T)

Write |H) and |T') as the standard basis for C?:

Between the four times above we have three unitary matrices acting on our state space C2. The
first of these U;_9 we see is the Hadamard-Walsh matrix Hs:

1 1 1 1 1 1 1 1 1 0 1 1
wim=35(1 4) (o) =7 (0) =0 ) 3 (5) =

1 1 1 0 1 1 1 1 1 0 1 1
%m:ﬁ(l4)@>:ﬁ(4>:ﬁ(ﬂﬁﬁﬁ>?ﬁw‘ﬁm

Between times 75 and T3, the reflection Ry acts on both paths. By looking at the effect it has on

our vectors, we see we can write

-1 0
Us_.s =Ry = =1
23 0 <O 1)

We look at the final transform which occurs between 73 and T4 and see that we can write this as

1 -1 -1
Us g = — — —H.
()
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In accordance with our mathematical construction, we see that

Us_y-Usg - Upg = (_HZ) : (_[) : (HQ) - H22 =1

This agrees with the evidence we have seen. If we set our experiment to one of our basis states
|H) or |T') at T} (i.e. fire a photon from either the bottom or left of the first half-silvered mirror),
then by the time we get to time T} our system will be in its original state (i.e. a photon will exist
along the same path somewhere after the second half-silvered mirror). However, this result also
tells us that if we sent a photon spread across the two paths, then it would come out spread across

the two paths in exactly the same way.

The choice of paths |H) and |T') was made to ensure we used our first unitary operator in section
5.1. We could of course have chosen different paths and used, amongst others, the second unitary

operator of section 5.1. Both models of the experiment are equivalent.

Unitary transforms which act on a two dimensional quantum space are called quantum gates. Ho
is an example of a quantum gate, which we call the Hadamard gate. We shall find out more
about these in section 6. We note that there are many different implementations of Hs (and
other quantum gates) into real world constructions. Another, more useful implementation of the
Hadamard gate can be found in [16].

5.3. Simultaneous Coin Flips. For our work on quantum mechanics to be useful, we will have
to extend our work on one quantum particle to look at several particles. Loosely following the
development on ppl0 and ppll of [15], we begin by making a small jump and considering the
gedanken experiment® of section 5.1 with two “quantum coins”. We have four states for our quantum
system; the first coin |C) taking basis states |H;) or |T1) and the second coin |C3) having basis
states | Ha) and |Ty). We can think of the basis states as pairs (|H1) , |H2)) , (|H1) . |T2)), (|T1) , |Hz2))
and (|T3) ,|T2)). Thus we can simplify the notation to represent the compound states of the system
by
|C1Cs) = cu,u |[HiHy) + cap |HiT) + cru |TiHa) + crp |ThT5)

with ey n|” + |eur” + |erul® + |err|? = 1.

!Gedanken is the German word for “thought”, and thus a gedanken experiment is a thought experiment - One in
which no real experiment is done, but the idea is to explore the principle being studied.
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We can this in terms of two subsystems; one for each coin. We construct a new space out of the

tensor product of these subspaces (definition 3.6) . We take

w-(3). (1)

as a basis for the system describing our first coin, and

(1) (1)

as a basis for the system describing our second coin. The tensor products then give a natural basis

|H\H,) = |H,) ® |Hy) =(1, 0, 0, 0)°
|H\Ty) = |H,) ® |T) = (0, 1, 0, 0)"
\T\H,) = |Th) @ |Hy) = (0, 0, 1, 0)"
IT\Ty) = |TY) @ |Ty) = (0, 0, 0, 1)

Assume we start with two coins with the heads facing upwards, i.e. we are in the |H; Hs) state.

Applying the Hadamard matrix H, to the first the first coin, we get

H, |H,) = % (1) + T3))

in the subsystem constructed for the first coin. Applying the Hadamard to the second coin, we see
1
V2

What is the total state of the system? Taking the tensor product, we see it is in state
1 1 1 1 1 1
— ([{Hy) +|T1))| ® |—= (|H2) + |1 = | = ® | —
-+ i [ o+ 1) [ﬂ<1>] [\/5<1)]

(|HiHs) + |H\Ty) + |11 Hy) + |ThT3))

Hy|Hy) = ([Ha) + [T3))

—_

—_ = —
N =

The tensor product works out such that we do not need to normalise - each state has probability

/4 of being seen, but since any state here is the tensor product of two of the original states, the
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probability of measuring each of the states |Hy),|11),|Ha),|T%) is still /2. Notice that in this
system we can measure the two subsystems independently, so that measuring the value of the first
coin will not affect measuring the value of the second coin. This is because we can decompose our

total system into two subsystems.

Definition 5.4 (Decomposable and Entangled States). Suppose we have two subsystems in which

the basis states are |x1),|z2),...,|zm) and |y1),|y2),...,|ys), and the compound system is rep-
resented as
m n m n
S iz @) =D ciglaay;)
i=1 j=1 i=1 j=1

where ¢; ; € C are the phase factors. If we can write state of the system as

for phase factors a;,b; € C, then we say the system is in a decomposable state. If we cannot write
the state of the system in this way, we say it is in an entangled state.

Remark. We normally write the tensor product of ket vectors |x),|y) as |zy) = |z) ® |y) as

we have done above. It is also often the case that the tensor product symbol is removed so
[zy) = |2) @ |y) = |2) |y)-

We have just seen a system in a decomposable state. We can certainly write the state before
the Hadamard transform on both coins as the tensor product of two states. After the Hadamard

transforms on both coins, we can see that by the way we constructed our compound state,

% (1H) + m>>] ® [% (1H2) + sz>>}

We notice that the transform that applies the Hadamard transform to both coins in the compound

1
5 (|HiHy) + |HiTo) + |T1Ho) + |1 T3)) = [

system can be written as

11 1 1
1{1 -1 1 -1
Hy=H,® Hy = ~
S (S B RS |
1 -1 -1 1
1
= H,|HHy) = 5 ([HiHy) + |H\Ty) + |T1Hy) + [ThT3))
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The compound transform is the tensor product of the transforms acting on the subsystems for

each coin, and thus it can not “entangle” the two coins. Hy is one of many separable matrices.

Definition 5.5 (Separable Matrix). A square matrix M is separable if there is an m X m matrix
A and an n x n matrix B, with m > 1, n > 1, such that M = A® B.

The question however still remains: can we entangle two pairs of quantum states? Einstein [17]
had much trouble accepting that this could exist, as having two particles which are entangled
means that we can separate them over an arbitrary distance, then measure one of them and know
what the state of the unmeasured particle is. For example, suppose we have two entangled photons
traveling away from each other with the polarisation state of the whole system being

1

7 (|H1Hy) + [V1iVa))

If we measure the first one and find it to be in state |H;), then there is no other choice but for the
second one to be in state |Hy) as there are no states |H;Vs) or |V} Hs) which could allow one photon
to be horizontally polarised and the other to be vertically polarised. Similarly if we measure states
|T1) , |Hs) or |T5), then we will also measure states |T5) , |H;) or |T3) respectively. Pairs of particles
which share entangled properties are called EPR pairs after the authors of paper [17|. There are
many methods of creating EPR pairs, and more methods are still be researched. There is a short

article on these at [18] and some examples of how to realise EPR pairs at [19] and [20].

The construction of these pairs is very useful, as we will see in section 8.

6. THE COMPONENTS OF A QUANTUM COMPUTER

Constructions such as the one in section 5.2 form one of the parts of a quantum computer. Con-
structions which carry out operations such as the Hadamard-Walsh transform form the processors
of quantum computers and we call the most basic of these components quantum gates. We will
see how we construct other parts of our computer such as the memory and output. In this section
we look at very general view of what a computer is, the idea of which came from chapter 3 of [15],
and a good source for further details is [21]. We follow this by looking at a less general, but more
realisable view of computers so that we can theoretically build a quantum computer. All of the
diagrammatic notation for section 6.4 is taken from [1|, with the extra information I have added

in blue.
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6.1. What is a Computer? Today we think of a computer as an electronic device which com-
municates with the user (and other computers), and stores and processes data. Looking back to
when computers were in their youth, a computer would have very limited communication ability.
The emphasis, at this time, was on improving storage and processing speed amongst other things
(such as size and reliability). A basic computer would take a length of magnetised tape as its
input, process this input using a collection of electronics and then output its data, either back
to tape or to a display. In his paper [22|, Turing begins to set up a theoretical definition of a
computer. Turing takes an infinitely long tape made up of blocks on which a device, called the
head, can act to read and write information one block at a time. The head is allowed to move left
or right along the tape one step at a time (or stay where it is) and each time it reads information
from a block, it sends the information to be processed before doing anything else. The processing
of the information takes place by considering two things, a finite and constant table of actions and
the state of a state register, which can vary as the machine runs. The state register is a finite
collection () of possible states for the machine to be in. The table of actions takes, as its input,
the state of the machine and the information on the tape at the head’s current position. It has a

finite set of rules, which can modify, in the following order,

(1) The information on the block of the tape that the head is currently located at.

(2) The state of the machine.

(3) The position of the head (move it one block to the left, one block to the right, or keep it
where it is).

The information that can be stored on each block of the tape is constricted to a finite set of values
called the tape alphabet I'. We assume there is a blank symbol b € I', which all blocks of the tape
are initialised to before the machine starts to operate, and an initial state ¢y € () that the state
begins in. The machine then stops operating, or halts, when the machine reaches a state ¢, or
¢ € Q . In the accepting state q, the machine should have completed the task given. The machine
can also halt at the rejecting state g, or never halt.

Each time the machine reads from the tape (and thus processes, writes and moves the head) we
say we have taken another computational step. Suppose we set up a Turing machine with a fixed
table of actions (along with a fixed states and tape alphabet), then unless the Turing machine

never halts, we can say it has taken a certain number of computational steps to halt.

The behavior of the Turing machine can all be encoded into one function, the transition function
d:I'x@Q — T xQ x D, which tells us our table of actions. D = {L,0, R} is the set of movements
the head can make with L corresponding to a movement one block to the left, R corresponding to
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FIGURE 6.1. Turing Machine

one block to the right, and 0 being no movement at all. The machine itself stores its state. The
tape is an ordered set 1" where each element of T is also an element of I'. The head provides us
with functions r : Z x T — I'? to read from, and w : Z x T x I' — T to write to, the current block
and m : Z x D — 7Z to move the head to the left, right or not move at all. Suppose ¢ € Z is the
position of the head on the tape then r (i, T) gives us the information at i*" position on the tape,
and w (i, T,) results in a tape 1", identical to T except with v € " written to the the i*} place
on the tape. m changes our value of ¢ depending on the direction d € D it is told to move.

The machine can thus be in a state

seS={T,q,i:qeQ,ie€l}

The function p : S — S, which describes the change of state making a computational step causes,

can be written as
p(Tq,i) = (wodr (r(i,T),q), oq(r(i,T),q), m(i,op (r(i,T),q)))
where dr, 0o and dp are the respective components of the function d.
We have full mathematical formulation of a machine we call a deterministic Turing machine.

Definition 6.1 (Deterministic Turing Machine). A deterministic Turing machine M over an al-

phabet I is a sixtuple (@, A, J, qo, qa, ), Where qo, qq, ¢ € @Q are the initial, accepting and rejecting

2Here I have used the notation 7" to mean the set of tapes with elements in T as well as to signify a specific tape T



MA469 MATHS IN ACTION: QUANTUM COMPUTING 39

states respectively, Q is a finite set of control states and § : @ x I' — @ x I x {L,0, R} is the

transition function.?

We see that a computer which runs in accordance with classical mechanics is modeled very well
by the Turing machine and many useful results on complexity have come from this. We note that
when constructing a quantum computer, we would like to introduce the idea that the ¢ function

above acts probabilistically over the complex numbers, and thus we rewrite it as

§:QxTxQxT x{L0,R}—C

This transition function can give us the probability of moving from the state given in the first
two arguments to the state in the final three arguments. We obtain this probability by squaring
the modulus of 9. We now have to consider the state of the system by considering ¢ for every
state at each stage of the computation. It is thus necessary to simplify what we mean by a
quantum computer. We will do this by setting up our tape, for which we use qubits, then creating
a quantum circuit (analogous to an electronic circuit) to process these qubits. Throughout much
of the discussion we will ignore the idea of measurement, assuming that we leave it until the end
of the task at hand and that it is possible.

6.2. Storing Information in Bits. In a classical computer we store information in binary format.
Storage space is an ordered set of components which can be set to a 1 state or a 0 state, and the
state can be read. Each individual component is called a bit. We take a quick look into binary
format. There are standard ways of encoding, amongst others, whole decimal numbers, certain real
numbers and characters into binary. The easiest objects to encode out of these are whole decimal
numbers. Binary is simply a number system working in base 2 instead of base 10 as in the decimal
number system. We count upwards from zero, writing 0, 1,10, 11, 100, 101, .... Suppose we have a
decimal number with a; as the units (10%) digit, as as the tens (10's) digit, az as the hundreds
(10%s) digit, ..., a, as the 10"s digit. We use the notation a,a,_1 ...aag to represent the number?,

so that we can write

Aplp_1 - .. a1a09 = (a, - 10") + (an_l . 10"_1) + ...+ (a1 - 10) + ag
=> 10
i=0

3There are many different definitions of a Turing machine. This one is similar to the one given at the start of
chapter 3 in [15]

4Note we do not mean that the numbers are multiplied by each other, we just use this notation as it shows how the
number would actually be written.
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How would we find the digits a,a,_1...a1ag, given a number A7 We would use the previous
equation and write that a; is the remainder when A — Z;;B 107a; is divided by 10°**. This gives
us a recursive method for calculating ag, then ay,... For example to find the digits of a = 5386 we
get the following table

i | 1071 [ 5386 — 20 107a; | Remainder = a;

0] 10 5386 6
1] 100 5380 8
2| 1000 5300 3
3 | 10000 5000 3

We stop once a — Zj‘:o 107a; gets to zero. Equivalently, we could let

A1 —a;_
Ai: i—1 CLZIEN

10
Ay = A

Then a; is the remainder when A; is divided by 10. This removes the large powers of 10 we get,

and makes the derivation of the binary section straightforward. Taking the same example above;

‘ 7 ‘ Divisor ‘ A; ‘ Remainder = q;

0 10 5386 6
1 10 238 8
2 10 23 3
3 10 5) 5

We stop when our A; gets to zero.
Now suppose we are in base 2, then our a; € {0,1} and we write

Anlp_1-.-a100 = a = (a, - 2") + (an_l . 2"71) +...4+(a1-2)+ap
=0

Then if we are given a decimal number a, we can write its binary representation as a,a,_1 ... aiag,

(6.1)

where a; is the remainder when A; is divided by and

Ailr—a;

(6.2) 4 = SHTHleN
Ay = A

The following table shows an example a = 133.
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‘ ) ‘ A; | Remainder = a;
01133 1
1| 66 0
2| 33 1
31 16 0
41 8 0
5( 4 0
6] 2 0
71 1

We stop when our A; gets to zero. So the decimal number 133 is written as 1000101 in binary.
This is normally written as 1335 = (133)5; = 1000101. To decode the decimal number from
binary we can use equation 6.1. We can use a simple proof by contradiction to show that a binary
representation of a number is unique. We give a classification of the space requirements to store a
decimal number in the following proposition.

Proposition 6.2. The binary representation of a decimal integer A > 0 , with 2™~ ! < A < 2™,

has exactly m significant digits (m digits excluding leading zeros).

Proof. We construct the sequence A; as above and analyse upper and lower bounds for it to find m
such that A,, = 0. As each A; # 0 corresponds to a significant digit in the binary representation
and A; is strictly decreasing, m is the number of significant digits in the binary representation.
We begin with the assumption 27! < A < 2™, As q; € {0, 1}, using equation 6.2;

AO < 2m
= A < 2m 1

= A, < 2°
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Thus A,, = 0 and we have at most m significant digits. Also using the assumed lower bound, and

applying equation 6.2 iteratively;

= 2" < A

om-1_ 1 1
= =" 2__ <A
2 9 =

2m2—1-1 11
= 2:2m—3____<A
2 9 22—

m—1
- 1
= 27— Z 27 = gm—1 < Ama
i=1

So A,,—1 # 0 and so we need more than m — 1 binary digits to represent A. For the final part of

the previous sequence of inequalities we use the sum of a geometric series formula.

Putting together the two parts of the proof, we conclude that we require exactly m binary digits.

O

Suppose we know we have exactly n bits, then the previous proposition allows us to work out the

size of the numbers we can store, namely all the integers from 0 to 2" — 1.

It is possible to add in the ability to encode negative integers into binary also so we can represent
any given integer providing we have enough bits. There are algorithms which perform operations
such as addition, subtraction, multiplication and division. If the reader wishes to find out more

about this, there is more information in the first two chapters of [23].

This book also describes the standard method for encoding a large (but finite) set of real numbers
into binary using the “IEEE754” standard.

To store characters (such as letters and punctuation), we create a map from the binary (or equiv-
alently decimal) numbers to a set of characters. The first widespread standard for this was the
“ASCII” standard, later followed by the “Unicode” standard. More information about these can be
found out on their respective wikipedia pages.

6.3. Qubits. Throughout this report we have seen many quantum two state systems. For example,
|H),|V) in section 3.1 and |H),|T) in section 5.1. Relabeling each of these two state systems to
|0),|1), we get a system which can be in a |1) state or a |0) state - a quantum bit, or, for short,

qubit. Note that in contrast to a classical bit, a qubit can also be in an infinity of states in between
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0 and 1, but when measured will collapse to be 0 or 1. We call the ordered combination of m of

these systems a quantum register of length m.

Definition 6.3 (Qubit). A qubit is a two-level quantum system C? equipped with a fixed basis
B ={]0),|1)}, called a computational basis.

Definition 6.4 (Quantum Register). A quantum register of length m is an ordered system of m

qubits. Its state space is C?", with basis states
{lz) : z € {0,1}"}

We can therefore represent any of the objects of the previous section as basis states of a quantum
register. We can “write” to the quantum register by setting it up in that state and “read” by
setting up the system so that it will collapse to the “written” basis states with probability 1
when measured. One property that our quantum register has, that is not shared by its classical
counterpart, is the property that we can entangle the states of our quantum register and then
perform operations simultaneously on all our register at once. In classical computing, each bit is
completely independent of every other bit and it is impossible to act on an arbitrarily large number
of these in one computational step. We should then expect that for certain algorithms, quantum
computing gives an exponential speed up. This property is well reflected in the degrees of freedom
we get from combining systems of bits in the classical world and the quantum world. The state of

a classical register can be described by a vector in the space formed by the cross product of n bits

{0,1} x {0,1} x ... x {0,1}

This gives us an n dimensional space on which we can perform operations.

The state of the quantum register is described by a vector in the space formed by the tensor

product of n qubits:

{10}, D} e{l0),H}e...@{0),[1)}

This, however, gives us a 2" = e""2 dimensional space (note the dimensions given in definition
3.6) on which to perform operations. This does not mean we can store more information; we still
have the same number of possible 0’s and 1’s upon measurement. However, our system, in between
setup and measurement, contains exponentially more information. As well as causing our system to
be much more operable on (which in turn has the possibility to produce faster algorithms), it also

means any operation performed on this system is much more complex. The complexity of creating
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FIGURE 6.2. Representation of a unary gate in a quantum circuit

algorithms left a huge gap between realising the possible advantages of quantum computing that
Deutsch discovered in 1985[9] and the discovery of the first quantum algorithm, in 1994[10], which

took advantage of this exponential complexity.

The information storage component of our quantum computer is now theoretically complete. We
now enroll in the difficult task of operating on this information. We take a slow approach and

construct a processing device for our quantum computer from quantum gates.

6.4. Quantum Gates. We have already seen one device which was labeled a quantum gate: the
Hadamard-Walsh gate H,. This device acted on one qubit to change its state to a state, which if
we measured, would give us a 1 half of the time, and a 0 half of the time. We note here the action

of a Hy gate on a basis state |z) where z € {0,1}

1
V2

This will be useful later when we come to constructing quantum circuits for our algorithms.

H |z) = —= (|0) + (=1)" 1))

The Hadamard-Walsh gate Hs is an example of a unary quantum gate.
Definition 6.5 (Unary Quantum Gate). A unary quantum gate is a an operation on a qubit. It
is a unitary mapping U : C?> — C2.

A unary gate can be represented in a quantum circuit as shown in figure 6.2. These will be

discussed later after further development of quantum gates.

In classical computing, the only unary gate is the NOT gate. This takes a bit in a state one and

transforms it to a state 0, and takes a bit in state 0 and transforms it to the state 1.

Definition 6.6 (Quantum NOT Gate). The quantum NOT gate is the unitary gate defined by

the matrix
01
Unor —
NOT < 10 )
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It acts on the basis states |0) and |1) as follows:
0) — [1)
1) = 10)

and in general, ¢; |0) + co [1) — ¢ |0) + ¢1]1).

We can expand upon unary gates by considering quantum gates which act upon two qubits.
Definition 6.7 (Binary Quantum Gate). A binary quantum gate is a an operation on two qubits.
It is a unitary mapping U : C* — C*.

In general;

Definition 6.8 (Quantum Gate). A quantum gate is an operation on n qubits. It is a unitary
mapping U : C** — C*"

We shall first consider an extension of our unary NOT gate. It would be useful to be able to

control whether the NOT gate is in operation by another bit, called a control bit.

Definition 6.9 (Quantum CNOT Gate). A binary quantum gate acting on two qubits such that
the first bit (the control bit) controls whether a NOT gate is applied to the second bit (the target
bit) is called a controlled NOT gate, or CNOT gate for short. As a matrix acting on a two qubit

system it can be written as

Ucnor =

o O O
S O = O
_ o O O
O = O O

Its action on the basis states is as follows:

We represent a CNOT gate in a quantum circuit as in figure 6.3.
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FIGURE 6.3. Representation of a CNOT gate (in black)
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FIGURE 6.4. The representation of a controlled U gate given in black

Using the projection operator given in definition 3.10, write

10 00
(63) UCNOT(O 0)®[+(0 1>®UNOT|0><0|®12+|1><1|®UNOT

This gives our controlled not gate in terms of the action on the control bit and action on the target

bit. We move on to look at other controlled operations. If we have a unary gate U, then

Uc:=10) (0| @1+|1)(1]eU

is the gate for which the target bit is acted on by U when the control bit is |1). It is represented

in a quantum circuit by figure 6.4

Proposition 6.10. For any 2 X 2 unitary matriz U, Uc is separable if and only if U = cly for

some ¢ € C.

Proof. Suppose we can write the matrix Us # cly as the tensor product of two 2 x 2 matrices A
and B. Then,
0 0
( A Aip > @ ( Bip B ) _ 0 0
A2,1 A2,2 By1 DBso Uix Uip
Usi Usp

)

o O O =
S O = O
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Amongst others, we get the following equations
Al,lB = [2
A272B - UC

A
B — IR
0 A

= AssB = (

The first one tells us

Using the second one, we get

Ay A
UCA2’2B< 2,2411,1 0 )

0 AsoAyy

But then Ug is a complex multiple of the identity, contradicting our original assumption. Thus
Uc # cly is not separable. Now suppose unitary Ugs = cls, then taking

r(i0) ()

we get Uo = A® B. O

Example (The Hadamard Gate). We can write the controlled Hadamard gate as

Heo = |0){0]® L+ 1) (1| ® Hy
V2 0 0 0
1 0 v2 0 0
V2l 0 o0 11
0 0 1 —1

This is non-separable and refers to the quantum circuit shown in figure 6.4 with U = H,. Now if

we simply write Ur g = I, ® Hy, then

1 1 0 0
1|1 =10 o0

Uy = —
=l o 11
0 1 -1
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First Bit | A
stBitld) a4y —
— 1 H
——
Second Bit | B) H,|B) —

FIGURE 6.5. Hadamard transform acting on second qubit only

This corresponds to the quantum circuit in figure 6.5

The most useful gate in terms of modeling a classical computer is the CCNOT gate. We shall see

why very soon.

Definition 6.11 (Quantum CCNOT Gate). The quantum CCNOT gate (or Toffoli gate) is a
controlled CNOT gate. It takes two control bits as its input and one target bit. The target bit is

flipped when the two control bits are in the state |1). As a matrix we write it as

Ucenor = (|00) (00| + 01) (01] + [10) (10]) ® I + |11) (11| ® Unor

Throughout this section we have talked about quantum circuits. We finally define one here.

Definition 6.12 (Quantum Circuit). A quantum circuit is a directed graph in which information
flows from left to right. Each vertex is a quantum gate, connected by edges, which we call wires.
If we can construct a circuit with only unary and binary quantum gates, we assume each gate
represents a computational step®. It is common to have the most significant, or control bit being

at the top of the diagram.

A quantum circuit is a useful representation of the operations we perform on qubits. It is a diagram
allowing an engineer to construct an experiment possible of performing the unitary operation it

describes.

There is much theory about the use of gates in classical computers. All processors are built of
gates (which are in turn built from transistors). They are so useful in classical computing due
to a result by Post in 1941 [24]. This result tells us that any function f : {0,1}" — {0,1}" can
be computed by some circuit using only the gates AND, OR and NOT. If we can construct the
quantum counterparts of these gates, we can show that anything possible on a classical computer

is possible on a quantum computer.

5Note that this is not actually the case, but for our purposes, the estimates it gives are accurate enough.
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6.5. Quantum AND, OR and NOT gates. We have already seen how to construct a quantum
NOT gate, but it will be helpful to construct a more complicated one in terms of a three qubit
CCNOT gate.

Definition 6.13 (Classical AND and OR Gates). A classical AND gate is a function fayp :
{0,1}* — {0,1} such that
1 fe=y=1

fanp (xv y) =
0 otherwise

A classical OR gate is a function for : {0,1}> — {0,1} such that

0 ifxr=y=0
fOR (ZL’, y) = .
1 otherwise

Both of these output one bit, and thus it is necessary to introduce at least one more ancilla bit or
qubit in the output which we can discard after its use in the process. Even if we extend fsyp and
for to the domain {0, 1}2, neither of them are unitary operations as their inverses are undefined
(in the sense that they fyap (0) has more than one value and f (1) has more than one value).
It is possible, however, to perform a unitary operation on a three qubit system, where two of these

qubits are the input qubits and one is the output.

In the case of the AND gate, this gate is simply the CCNOT gate with the target bit set to state
|0). We can see this by looking at the action of the CCNOT gate on the two input qubits with the
output qubit set to state |0).

Ucenor |000) = |000)
Ucenor |010) = |010)
Ucenor [100) = |100)
Uccnor [110) = [111)

We can then denote our AND gate graphically as in figure 6.6.

Our OR gate is a little more complicated. Notice that if we relabel our 1s as 0s and our Os as 1s
in the definition of fogr, we get fanyp. Transformation wise, this corresponds to putting a NOT
gate on each of the inputs before an AND transformation, and a NOT gate on the output after
the AND transformation. So our quantum OR gate looks like figure 6.7. We can then write the
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|A)

| B)
|./A1\."A(A'1-B '>_'

—1B)

0)

FIGURE 6.6. Quantum AND gate represented in black

— | | > NOT [7\,(”_ | A >
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FI1GURE 6.7. Quantum OR gate represented in black

quantum OR gate as

Uor = (|00){00] + |01) (01| + [10) (10]) ® (Unorl2) + [11) (11| ® (UnorUnor)
= (|00) (00| + 101) (01| + |10) (10]) ® Unor + |11) (11| ® I,

Finally, we reconstruct our NOT gate in terms of a CCNOT gate. We simply set both the control
bits of the CCNOT gate to the state |1), then we get the following:

Ucenor |110) = |111)
Ucenor |111) = |110)

Thus we are able to construct the classical AND, OR and NOT gates using only the quantum
CCNOT gate. Post [24] tells us that from these gates we can construct any classical gate, and
thus for any classical circuit we can construct a quantum circuit which produces equivalent results

for equivalent inputs. Our quantum computer can model any classical computer!

There is a similar result concerning the construction of any quantum gate from a set of quantum

gates which is given in [25]. We restate this here

Theorem 6.14. All quantum circuits can be constructed using only CCNOT gates and unary

gates.
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The proof is long enough so that it is unfeasible to provide it here, but is very accessible and easy

to read (it can be found on Google scholar as a PDF).
We conclude this section with one final gate.

Definition 6.15 (XOR gate). The exclusive OR gate, or XOR gate, is the gate which can be
represented by the function fxog: {0,1}" — {0,1} with

0 ifz=y
fxor (z,y) =
1 otherwise

The XOR gate performs the action of addition modulo 2. From now on we will use the symbol
@ to denote addition modulo 2 (even though in general it may mean addition modulo n). So we

have

000 = fxor
001 = fxor
160 = fxor(1,0
1®1 = fxor(0,0

As before, we need at least one ancilla qubit to allow our transform to be reversible. In this case
we only need one and in fact the XOR gate can be given by a CNOT gate, with its output being
the target bit of the CNOT gate. To confirm this we look again at the operation of a CNOT gate

on a two qubit system.

Ucnor |00) = |00)
Uenor [01) = |01)
Uenor [10) = |11)
Uenor [11) = |10)

We see that the second qubit in the result of each of these is the sum, modulo 2, of the two input
qubits. Thus we can compute x & y using a CNOT gate.

7. QUANTUM ALGORITHMS

The previous section has already given us a multitude of algorithms we can run on our quantum

computer. Any classical algorithm can be written in terms of the quantum circuits we set up and
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thus we can at least do all the things a conventional computer can do with our quantum computer.
In this section we look at a small number of algorithms which are unique to a quantum computer
and seem to provide a massive speed increase compared to their classical counterparts. I would
wish to be more original, but with the proven complexity of finding quantum algorithms, I have
had to settle for using other peoples algorithms. This section mostly follows [15] and [1].

7.1. The Deutsch Algorithm. The Deutsch algorithm takes its name from a character we have
met many times already and was one of the first quantum algorithms which showed that quantum
algorithms could be more efficient than classical algorithms. Let f : {0,1} — {0,1} be a binary
function. We have four possibilities for the function, two of which are constant (mapping all of
the co-domain to either 0 or 1), and the other two we call balanced. To figure out whether a given
function f (x) is constant or balanced we need to put both x = 0 and x = 1 into f (x). If both map
to the same value then our function is constant, otherwise our function is balanced. This would be
the classical approach. Deutsch, however devised a quantum approach only requiring one function
call, with a superposition of both z =0 and x = 1.

Construct a unitary operator Uy : |z,y) — |z,y® f(x)). We can then see from its matrix

representation

that it is unitary. For brevity we write f (z) &1 = f~ (x), so that we can write

_ f(0) () [ F (1)
(7.1) Uf|0><0|®<f(0) fﬂ(o))+|1><1|®<f(1) fﬁ<1)>

The problem then becomes finding out what Uy is, and our four possibilities are

U =10)(0|®L+|1) (1| ® Unor if f=1id
U =10) (0] @ Unor + [1) (1| @ I if f7=1d
U =10)0|@L+|1)(l|el=1 if f=0

Uf :’0> <O|®UNOT‘|‘|1> <1|®UNOT iff:1
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We set up a state
1
[s0) = 5 (100) — [01) +[10) — [11))

in a two qubit system. This could be done by applying a transform Hy; ® H, to an initial state
|01) for example. After applying our unknown Uy we get

|s1) =Uy [s0)
—% (10, £ (0)) =10, f7(0)) + |1, £ (1)) = [1, /7 (1))
Now, if we apply a transform Hy ® I, then we get the state
|s2) = (H2 ® Ip) [s1)
= 2\/— ((10) + 1) @ (1F (0)) = [F7(0))) + (10) = [1)) @ (If (1)) — [/ (1))

Suppose f is constant, in which case |f (0)) = |f (1)), then our state will be
|s2) = 2\/—(2|0 , [(0)) =10, 77(0))
= E 10y @ (1f(0)) = 177 (0)))

If f is balanced (the case |f™(0)) = |f (1))), then

1 -
) = M(zu SO = 11, 0)

E 1) @ (17 (0)) = [/7(0)))

Thus by measuring the first bit we can determine whether f is constant or balanced. Measuring
a |0) means f must be constant, whilst measuring a |1) means f must be balanced. So long as
we set up our states perfectly, perform operations perfectly and measure perfectly, we will get the

same measurement every time.

Note the similarity between equation 7.1 and the equation given for a CNOT gate (equation 6.3).
The NOT gate operates on the second bit if f (1) = 1 and on the first bit if f (0) = 1. We represent
Deutsch’s black box function Uy as in figure 7.1.

7.2. The Quantum Fourier Transform. Fourier transforms are useful for many applications,

from interpreting physical data (for example studying crystal structure) to data compression to
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Output
10)— H f Hl—"
1 H Fany
| > ~ Spare Bit
Ui

FIGURE 7.1. The quantum circuit for running Deutsch’s algorithm

number theory (we shall see an example of this in section 7.3). The use of fast Fourier transforms
(efficient algorithms for calculating discreet Fourier transforms) is extensive in computer science.
We shall now find an algorithm for computing the discrete Fourier transform of a function f : G —
C, where G is a set {0,1,...,2" — 1} with 2" elements.

Suppose we encode each element of G into binary (as we did in section 6.2) so that we can describe
our set G by multi-qubit system, with basis states |0z),|15),...,|(2" — 1)), then by proposition
6.2, we only need n qubits. We can then represent our function f as the phase factors of these

basis states so that the state

col0g)+ci|lg)+...+ch1 (2" —1)5) where f(k) =¢;, k=0,1,...,2" -1

can be seen as equivalent to the function f. We can now define the quantum Fourier transform of

f.

Definition 7.1 (Quantum Fourier Transform (QFT)). The quantum Fourier transform is the

operation transforming the basis states as follows:
f (k) kg) — f(k) k5)

where

(7.2) f (k) = fG)e =

We call the f (k) the Fourier coefficients.

Our first inclination should be to enquire whether this is a unitary operation. It is certainly linear
as the definition of f shows. The question as to whether it is unitary is slightly more difficult. It
is possible to prove that operators that preserve norms are unitary (see pp120 of [15]), and then
Parseval’s identity (see [26]) tells us that Hf(k)” = ||f(k)|| for Kk =0,1,...,n. Thus we should
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be able to find a quantum circuit implementing this transform, which we could write down as the

matrix
1 1 1 e 1
2mi _4mi _ 2"
1 e 2774 6 2774 .. e 277,
1 _Ami _8mi _2ntlay
UQFTn — 1 e on e on e é I
b /2n
2(n—1)mi 4(n—1)mi o(n=1)2+1
1 e 2m e~ om R

For n = 1, we have

1 (11
Ugrri = —= —H
e .VE'(:L -1 ) ?

For n = 2, we have

1
U —
QETZ ™= 5 -1 1 -1

1 —1 —i

—_ = =

In this case it would be useful to decompose this into smaller transforms so that we can implement

it with binary and unary quantum gates. For this, we will need to introduce a new unary gate.

Definition 7.2 (By,; gate). The By, gate is given by the matrix

1 0 T
( A ) where 0}, = ok

We can then write the controlled By, gate as ¢x;, = [0) (0| I + |0) (0| By,

Remark. By is a generalisation of the Hadamard gate with Hy = Byg = B11 = .. ..

We quickly look at the action of By, on a qubit.

|z) ifz=0

Byilz) =4
e~rt|z) ifz=1

Notice that we can write the action of Ugprs on a state |xp) as

1 . _
Ugrralun) = 5 (10) +e 717 1)) @ ((0) +e 07 1))
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Now from equation 6.1, we can write x = 2z, + xy, where xg, 21 € {0, 1} are the binary digits of

x, so that xp = x129. Then

(73) UQFT,Q |{EB> = UQFT’Q |$1$0> = (’0> + G_M(QM—H:O) |1>) X (|0> + 6_%“2111_*%0) |1>)

(10) + e ™™ 1)) @ (|0) + e ™ e 20 |1))

fa—
(=)

)+ (1) (1)) ® (Boa)™ (10) + (=1)"" [1))

NI~ DN~ DN -

How does the transform (B ;)™ act? The answer is exactly as a controlled By gate with |zg) as
the control bit and |x;) as the target bit. The second part we need to worry about is the (—1)"".
We note that

(I ® Biy) o) = (I ® Hy) |zrao) = ) @ iz (10) + (=1) 1))

S

Applying the operation ¢q 1, we get

Go.1 (I2 @ Bry) [z120) = |71) ® - (Bo,1)™ (10) + (=1)" 1))

V2

Perform the operation (Hy ® I5) = (Boo ® I2) to get
1 X1 X1 x|
(Boo @ I2) ¢oa (I2 @ Buia) |120) = 5 (10) + (=1)™ 1)) ® (Boa)™ (|0) + (1) [1))

Now, we are almost back to equation 7.3. There is one problem however, our xy and x; are in the
wrong places on the right hand side, but in the correct places on the left hand side. The final piece
of the jigsaw is therefore adding a gate which can swap our two qubits (|zo) — |x1), |z1) — |z0))

before we perform any of the other operations.
Definition 7.3 (SWAP Gate). The swap gate Usw 4p is the matrix
1 0 0 0

0 01

U =
SWAP 01 0
0 00

_ o O

Its action takes a state |zoz1) to the state |z1z0)

We have finally made it. Comparing

(10) + (=1)"[1)) ® (Bo1)™ (10) + (=1)"" |1))

N —

(Boo ® 1) ¢o1 (1o @ Bi1) Uswap |x120) =
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T — H [—ly,)
|33'n> H B()l |y0>

SWAP Gat e

FIGURE 7.2. The quantum circuit representing a quantum Fourier transform on two bits

to equation 7.3, we see
Ugrr2 = (Bop ® I2) ¢o,1 (12 ® Bi1) Uswap

In figure 7.2 we can see the swap gate labeled and the quantum circuit corresponding to Ugpr,2.

The construction of quantum circuit for a QFT on 2™ qubits follows a similar method to the one

above. We give an outline of the method (similar to pp54 to pp57 of [15]) here:

(1) We prove the following

2n—1

S e F gy = (J0)+ e F ) @ (J00+e ) @@ (o) + )
y=0

(2) We consider the phase factor of the state |1) in the I'! bracket above, after being multiplied
out. This is the [*" bit and thus we write it as x;, so that

n—1
r= ZQil‘i z; € {0,1}
i=0

We prove that the phase factor of the [™|1) can be written as

1 i1 7Ti$l_2 7Ti£lf1 7Til‘0
(=1)" "' -exp | — 51 B ol vl S ol vy

(3) We construct the quantum circuit which applies the transform above using the transform

®r1, along with Hadamard gates.

Hirvensalo argues that we can ignore the swapping gates and either measure the result with a
measurement device set upside down, or construct any circuit which follows so that it takes the
most significant bit as its input at the bottom of the circuit. We can see the quantum circuit

implementing Ugpr,, in figure 7.3.
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lz. y{HH BB HB ly,)
j2,) l a5 5 Iv.)
lz,.) l H B F———1u)
|,) — H )

FIGURE 7.3. Quantum Circuit for Ugpr, with the swap not included (adapted
from [15]). The coefficients subscript for each B is not written in, but they form
the sequence taking the subscript of the (x;,z;) they connect (from left to right),
m—1,n—-2),(n—1,n-3),...,(n—1,0),(n=2,n—=3),...,(n—2,0),...,
(n—3,0)

We see that we have n+ (n —1) + (n —2) + ... + 2+ 1 components in the quantum circuit for
Ugrr,n. Summing this arithmetic series, we find that our quantum circuit takes

n(n+1)
2

nln2

computational steps to complete. Originally we would have expected over 2" = e computational
steps, as if we look at equation 7.3, we have a sum from 0 to 2" — 1, in which we perform 2" — 1
and 2" — 1 multiplications, plus many more operations. Even fast Fourier transforms done on
classical computers require around 2" computational steps. This is one of the examples where

using a quantum computer can “exponentially speed up” solving a problem.

Definition 7.4 (Polynomial Time and Exponential Time Algorithms). We describe an algorithm
as a polynomial time algorithm if for an input of length n, we can write the number maximum
number of computational steps it take to complete in the form of a polynomial of n. If we can
write this as an exponential in n then we call our algorithm a exponential time algorithm. We do
however use the two terms exclusively. A polynomial time algorithm is also an exponential time

algorithm, but we use the former term to describe it.

We should also note a fundamental difference between the quantum Fourier transform and the
classical Fourier transform. The quantum Fourier transform stores its information in the phase
factors of the bits, meaning we can be as accurate as we like, but also meaning we can not read
off their values straight away. The classical Fourier transform however stores its results in bits,

and thus we need many more. In fact, if each complex number requires m bits, then we need nm
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bits just to store the results. In the quantum case, we only need n qubits, reducing our space

requirements significantly.

7.3. An Overview of Shor’s Algorithm. In this section we do not look in detail at Shor’s
algorithm, however we do give an example showing the factorisation of 15; quite a trivial example
but the one which was used by IBM in the demonstration of their quantum computer. Most of
the section is a shortening of what I have seen in [15] and [1], along with my own understanding

of Fourier series.

We know that it is relatively easy to multiply together two prime numbers. A computer in fact can
calculate products of large prime numbers very quickly. It is, however, very difficult to factorise this
product back into its two primes without knowing its factors in the first place. RSA encryption,
which is used for sending information securely, is based upon this difficulty. The idea is based on
the two parties knowing some properties of these factors, so that they can encrypt information,
send it, and decrypt it again. The task for anyone who wants to intercept the information but
does not know the properties of these factors, or the factors themselves, is to find these factors.
The classical algorithm to do this takes an exponential (in the number of digits in the product)
number of computational steps to do this. So that for a large number, it is very difficult to find

its prime factors.

We look at a quantum algorithm which can find these factors much faster than any known classical
algorithm. This algorithm is Shor’s algorithm [10]. It follows much the same steps as a classical

factorisation algorithm, but with one step being performed on a quantum computer.

The algorithm takes an integer N = pg, where p and ¢ are prime. The algorithm follows the
following steps

(1) Choose a random positive integer m < N . Calculate the greatest common factor ged (m, V)
using the Euclidean algorithm. If ged (m, N) # 1, then we have found a factor, thus m is
either p or q. For large N this is very unlikely, so we assume ged (m, N) = 1.

(2) Let fy : N — N be the function taking

a — m®* mod N

Find the period P € Zy. i.e. the number P such that m” = 1 mod .
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(3) Assume P is even and m?% +1 # 0 mod N. If either of these do not hold, we need to repeat
1. and 2. until we find an even P satisfying mz +1 # 0 mod N. If P is even, we can write

<m§—1> <m§+1>:mp—1:()modN

and thus m? +1 has a prime factor p or ¢ and is less than N. The greatest common factor

d = ged (mg — 1,N)
is either p or ¢. It is then the trivial process of division to find the other factor.

It can be shown that 1. and 3. take polynomial time on a classical computer, but step 2 is an
exponential time algorithm. It is this step we look at improving by using our quantum computer.
We call this algorithm the period finding algorithm. The question is how to implement it on a
quantum computer. It is well known that Fourier transforms are useful in period finding. First
note that our number N < 2™ (for some n) can be stored in n qubits. We set up two quantum
registers |A) , |B) of n qubits each. Each of these we set to be all zeros.

[4) = B) = [{0}")

Let us apply the quantum Fourier transform to the first register, |A), only. The state of our system

becomes
on_1

(Uorrn ® L) |AB) — % S [a) 1B

Notice that because the state |A) was initialised to zero, the quantum Fourier transform gives all

1

the Fourier coefficients as Ton-

We have our number m which we wish to calculate the period P of. Define a function f :
{0,1,...,2"} — {0,1,...,N—1}, f : k — m* modN. As we did in section 7.1, we define
an operation Uy : |a,b) — |a,b® f(a)). Of course, in this case b = 0, and the transformation
becomes Uy : |a,b) — |a, f (a)). Now we apply this to the previous state to get

2" —1

Uy (Uorrn ® 1) | AB) = % S [0} If (@)
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Our final operation is the quantum Fourier transform. We reach the state
an_1 gn—1

(Ugrrn ® L) Uy (Ugrrn ® 1) |AB) = 5 3~ 3 % [2) |f (a)

=0 a=0

Although we will not go into the details here, the Fourier series of a function creates an approxima-
tion (before the limit is taken n — oo) of that function by writing it as a linear combination of sine
(in the imaginary numbers) and cosine (in the real numbers) functions. If our periodic function
f has period k, then the Fourier coefficients corresponding to cosine functions with period k will
be large. However, so will coefficients corresponding to 0, k, 2k, 3k, .... Thus the probabilities of
observing states |[0p), |Pg), |(2P)g), ... will be high when making a measurement on our first

quantum register. The solution to this problem is a number-theoretical algorithm which is given
in [15].

To show how this works, we take an example of factoring 15 (from [15]).

Example. Let N = 15 and take m = 7. We thus have n = 5.

(Ugrrm ® I,) |AB) = ZmB 0)

Applying Uy, we get

((105) + |4B) + [85) + [125)) ® [15)
(I115) + 158) + 198) + [13p)) ® |T5)

(128) + 165) + [105) + [145)) ® |45)
(135) +178) + [11p) + [155)) ® [13p))

Us (Ugrrn ® 1) |AB) = )
)

1
4
+
+
+

Hence showing us how we can computer f in one operation. The problem is now removing the

information from the system. We do get part way towards this by taking a Fourier transform

= (105) + [45) + 185) + [12)) & [15)
(108) +il4p) — [85) — i[125)) ® |75)
(108) = [48) + [88) — [125)) ® [4B)
(105) —il45) — 185) +i|125)) ® |135))

+ o+ e
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Now, measuring the first register, we see that we get each of [0g) , |45) , [85) ,|125) with probability
1. The result [05) gives us no information, however the other three states all have greatest common
divisor 4. We check the result. 7* mod 15 = 2401 mod 15 = 1. Is this true for any other lower
powers of 77

' modls = 1
72 mod15 = 49 mod15 =4
7 mod15 = 343 mod15 = 13

Thus we can conclude that the period of f is 4.

This example is an important example and was used by IBM in their first quantum computer,

which we will look at briefly later.

The final thing we note about this algorithm, is the number of computational steps it would take to
complete. Much of the algorithm can be run on a classical computer in polynomial time. The part
we were interested in improving was step 2. This involved us running a quantum algorithm with
two Fourier transforms and an application of U;. We know that each of these Fourier transforms
is a polynomial-time algorithm, and with reference to equation 7.1, we can see that Uy should be
made up of N — 1 binary gates. The final step in finding the period from our measurement is run
on a classical computer in polynomial time also. We should think, therefore, that our algorithm,
which is composed of many polynomial time sub-algorithms, should be polynomial time itself. We
are correct in our thoughts, and once again it is down to the idea of quantum parallelism, that
we can complete the algorithm exponentially faster on a quantum computer than on a classic

computer.

8. QUANTUM COROLLARIES

Developing the structure of a quantum computer has lead us through many interesting ideas and
much of our progress through section 6 seemed guided towards constructing a computer quite
similar to a classical computer. We did however see some a number of fundamental differences. In
this section we look at the implications of these differences and their applications.

8.1. The No-Cloning Theorem. Suppose we were able to copy the state of a system to another

system without destroying the original system, then we would have the ability to measure the
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copied system and measure it without destroying the first. This would prove very useful in appli-
cations where we would like to make intermediate measurements or more than one measurement

on entangled states. Thanks to a result by Wootters |27|, we can now prove that this is impossible.

Theorem 8.1 (The No-Cloning Theorem). There is no unitary operation U : C*" — C*", n > 1
for which U (|z) ly)) = U (|z) |x)) for all |x) € C".

Proof. We prove this by contradiction. Suppose that the operation exists for n > 1. Asn > 1, we

can find an orthogonal state|z’) to |x), then we have
U(lz) |2)) = [z} |z), Ul(lx)|2') = |z) |z)

Then the action of U on a superposition \/% (|x) 4+ |z’)), is given as

U (g5t +lnei) = (J5la+1) e (s +1)

1 , ’ /o
= 5 (le2) +|za’) + 2'z) + |2'2)

Now since U is linear, we have

1 , 1 1 ,
U(ﬁ<\x>+|x>>®\x>) — U k) + U ()

1 1
= — |zz) + —=|2'x)

V2 V2

These two equations form a contradiction and we therefore conclude that U does not exist. 0

It is however possible to perform a copy U : C* — C* of just the basis states. Assume that the
second qubit is in state |0), then U could be any unitary transform satisfying

U00) — |00), U [10) — |11)

One example of which is the quantum OR gate given in section 6.5. This allows us to copy basis
states only, but not a superposition of |0) and |1). This can be quite easily extended to copying

any number of bits and thus allows our quantum computer to copy data.

The idea that states cannot be copied is equivalent to the deterministic nature of quantum time
evolution. From a thermodynamical point of view, this corresponds to the system maintaining
the same energy throughout. If time evolution was not deterministic, we would have lost some

information along the way, meaning that the energy that went with this information would have to
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be changed into another form. In classical computers, this is generally heat. Every time we delete
a piece of data, we are losing the determinism which would be able to tell us where that piece of
data came from, so for example, applying AND and OR gates in a classical computer creates heat,
and thus using classical methods, there is a lower limit on how many of these gates we can put in

a processor.

Quantum computing has the advantage that there is theoretically no lower limit (in terms of this
energy release) as to how many gates we can put on processor. Throughout the history of the
classical computer, engineers have battled to lower the temperature of processors, but in quantum
computing, there seems to be much research into warming our computers up. This is of course
directly related to the fact that if we introduce energy into a quantum system, it will act in
unpredictable ways. If our system does become subject to this external influence, then the system

is said to decohere.

We can actually use the idea that we can copy basis states to help us overcome the effects of
decoherence. If we start with a qubit of state |0), we may find that due to interference it flips
to a state |1). To overcome this, we could copy the initial state, so that we have, say, three zero
qubits; |000). Now, any interference which causes a bit flip, say of the first bit, will create a state
|100), but because two of the bits are still |0), we can guess that this should have probably been
a |000). This is where the work into quantum error-correcting codes begins, for more information
see chapter 10 of [1].

8.2. EPR and Bell’s Inequality. In [17], Einstein raises the issue that entanglement seemingly
breaks his idea that information can, at most, travel at the speed of light. Quantum mechan-
ics declares that measuring one state at one point in space and time instantly determines an-
other state at another point in space in time. We are given two photons entangled in a state
vz (|HyHy) 4 [V1Va)), or in quantum computational terms in state 1/v2 (]00) 4 [11)) as we saw in
section 5.3. Suppose both are traveling away from each other. Measuring one of these photons
and seeing it is in the |0) state necessarily means the system is in the |00) state, and so the other
photon must also being in the |0) state.

As any sensible person might argue, the states of the two photons must have been decided when
they were entangled so that they carry the information regarding the state of the system with them.
For this Einstein proposed a hidden variables argument; there are some properties of the photons
we do not know how to (or can not) measure, which carry information when telling them how to
react when confronted by a measuring device. In his paper [28], Bell constructs a theory of how

the quantum world works, starting from the assumptions of locality and hidden variables. He came
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to a conclusion called Bell’s theorem in which he provides an inequality, called Bell’s inequality,
which can be experimentally tested. If the inequality holds, then the theory of quantum mechanics
is disputed. If it does not hold, then the hidden variables argument is deemed to be false. Much
work has been done in testing this inequality, including [20]. The evidence leans strongly in the

direction of quantum mechanics.

8.3. Quantum Key Distribution. Suppose we wish to send some information securely from
one person, called Alice, to another person, called Bob. We store this information in binary as
W = (1,9,...,1,), and also set up a binary key x = (x1, X2, - -, Xn) (With the same number of
bits as v) that only Alice and Bob know. Now to encrypt this message, Alice performs addition

modulo two between the corresponding bits in ¢/ and x, to get a new key

\I/:(¢1@X1,¢2@X2a---a¢n@Xn)

This is the data she sends to Bob. Bob receives this data, and performs addition modulo two

between the corresponding bits in ) and Y, to get

(U1 X1, V2@ X2,V ®xn) = W1 BX1 DB X1, V2B X2D X2y, U D X B Xn)
- (¢1a¢2,---,¢n):¢

So that knowing the key allows Bob to retrieve the message originally sent.

The problem here is that we need to communicate the key between the two senders. If there is a
third party, Eve, who wishes to read the message from Alice to Bob, then Eve will wish to acquire
the key. Any classical communications channel is prone to eavesdropping, whether it be by post,
over the Internet, or any other way. However, with a quantum channel from Alice to Bob we can

construct a secure key for them both to use and also tell whether Eve is listening in.

We construct a system whereby Alice can send linearly polarised photons to Bob. Alice has a
random set of qubits |R) = |R;) ® |R2) ® ... ® |R,) and a key made from qubits |x) = |x1) ®
IX2) ® ... ® |xn). Each of the |R;) tell Alice which of the following coding systems to use:

(W) 10) = 1), (1) = =)
@) 100 = L 1)+ L 1o), 10— 51— L)

Which we see, for each ¢« = 1,2,...,n, is essentially a controlled Hadamard gate on the system

|R;) ® |x;) followed by a machine which fires photons polarised as by the following rule |0) —

D, )=o)
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Bob also knows about these coding systems, but does not know what |R) is. Suppose Bob has
his own set of n randomly generated qubits |R') = |R}) ® |R}) ® ... ® |R],), and n qubits |x') =
IX]) ®|x5) ®...® |x),) to store the information he is sent. Bob starts at ¢ = 1, and each time he
receives a photon, he adds 1 to ¢, so that his measurements and Alice’s transmissions correspond.
He chooses to measure in the polarisation of the photons either by measuring whether they are
horizontally or vertically polarised if |R]) = |0), or by measuring whether they are diagonally
polarised at 45° or —45° to the horizontal if |R]) = |1). He then records his data as |x}) as follows;

(1) It [R)) = [0), use [1) > [0}, [e) = |1)
(2) T [RY) = |1, use L [1) + L) = [0), L [1) = 2 ]e) o 1)

We suppose that the number of photons Alice sends is a large multiple of four.

After the whole process of sending photons is complete, both Alice and Bob have collection of
control qubits and data qubits. They share their control qubits over a classical channel, keeping
the data for which 7 they used the same coding system (i.e. |R}) = |R;)). They should now have
approximately half the data left.

Now suppose that Eve has managed to find a way to intercept the photons travelling from Alice
to Bob. To gain any result she must measure the photons, and to ensure Bob does not notice her
presence she must send on to Bob the states she measures. However, she must choose between the
two coding systems that Bob and Alice are using, which half of the time will be different to the
one that Alice is using to send the photons. Suppose that Bob and Alice are using the same coding
system (i.e. |R!) = |R;)), and Eve is using the other coding system, a photon from Alice will go
through a +45° phase change as Eve sends it on. When Bob measures it with the same coding
system Alice employs, he will get a |0) or |1) disagreeing with Alice’s data with probability 1/2 (i.e.
IXi) # |xi) even though |R.) = |R;)). Eve will choose a different coding system with probability
/2, and when this happens value Bob measures will disagree with the data Alice sent 1/2 of the
time. Thus we find that if there is any eavesdropping, approximately one quarter of the data Bob

has will disagree with Alice’s data.

Alice and Bob can thus compare half of the useful data (where they used the same coding system)
to check whether anyone was eavesdropping. If there is any disagreement in this, then they know
someone is eavesdropping and decide not to share the information. If there is no one eavesdropping,
they use the other half of the useful data as a key with which to send information over the classical

channel.
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This idea has very good commercial prospects. There is already a company, Magiq Technologies
(http://www.magiqtech.com/) which is producing communications security devices using ideas

similar to the one we have just looked at.

9. REAL LIFrE QUANTUM COMPUTERS AND A FEW FINAL WORDS

There have been many advances in the technology which can be used for quantum computing,
however it still seems to be difficult to fit all the pieces together. Most of the trouble with
constructing a successful quantum computer is minimising interaction with the outside world to
avoid decoherence. Using quantum error correction and by taking account of decoherence, IBM

and D-Wave Systems have managed to construct quantum computers.

9.1. IBM’s 7 Qubit Quantum Computer|29|. In a collaboration between Stanford University
and IBM, a 7 qubit computer was successfully created in 2001. The computer used the nuclei
of seven atoms in a molecule as its qubits. Each of the nuclei had a quantum property called
spin, which the scientists “manipulated with ... nuclear magnetic resonance techniques”. They
demonstrated Shor’s factoring algorithm in its most simple case - factoring 15 into 5 and 3. Most
of the work however seems to have been done working with error correction codes, and they present

a predictive model of decoherence effects.

Based on his research at IBM, David DiVencenzo set out the following requirements for a practical

computer|30].
1) It must be physically scalable to increase the number of qubits
2) Tt must be possible to initialise qubits to arbitrary values

(1)

(2)

(3) Its processing must take place faster than the decoherence time

(4) It must have a set of gates, from which it is possible to build all other gates
(5)

5) The qubits can be read easily.

9.2. D-Wave Systems (www.dwavesys.com). The latest announcement from D-Wave systems
is the production of a “128 qubit” chip. They are most famous, however, for a demonstration in 2007
of a 16 qubit system. They we able to demonstrate database searching, a seating arrangement
algorithm and finally a Sudoku puzzle. There has been much criticism however for scientists
working the area of quantum computing. Many believe that D-Wave has not produced enough
evidence, and there have been arguments that the information they have provided is inconclusive

or erroneous|31]|.
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9.3. Final Words. We have seen many other examples of quantum computation put to use or
being researched. There is normally much media hype around announcements in quantum com-
puting, just showing how important its study is. It is not too difficult an area to explore as we
have shown in this report. We tackled quantum mechanics, first by taking a fresh approach to
classical mechanics and discovered where our ideas about the quantum state space came from.
Using the example of a Mach-Zehnder interferometer, we set up a space on which we could make
measurements and progress through time using unitary operations. This gave us the mathematical
tools to build a quantum computer. We looked at how we would construct its processor by building
quantum circuits from quantum gates. From the results we found, we were able to conclude that
our quantum computer could model a classical computer and do so much more! The next section
was devoted to showing off our quantum computer. We showed that one of the most popular
complex algorithms, the fast Fourier transform, could be completed on a quantum computer even
faster. Finally, we found a way to break down the encryption that is used all over the world today.
Then later, how to fix this problem with the idea of quantum key distribution.

There is no doubt that quantum computing has the ability to change the world and this has come
about by changing our perceptions of the world. Even Einstein was confused by the idea that
the world worked in a probabilistic way. Taking this to our advantage, which is what quantum
computing has done, has lead us to create “impossible” algorithms and brought us the ability to
transfer information in the knowledge that it is secure. As it was in the 1940s, we may be on the
edge of a technological avalanche, or it may just come to be that it is physically infeasible to create

a quantum computer. Either way, it is a very interesting subject to study.
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